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Abstract: Three types of stock-recruit models (log-log, Ricker, Beverton-Holt) were applied to 57 years of adult
returns (R) and eﬀective female spawners (E) data from 17 biologically-based Conservation Units (CUs) of sockeye
salmon from the Fraser River in British Columbia, Canada (hereafter “Fraser sockeye”). Log-log regressions of
R on E showed little evidence of eﬀects of density (within CUs) on survival, implying that habitat capacity does
not presently limit Fraser sockeye abundance. Shared survival among CUs, the ﬁrst principal component of
log(R/E), accounted for 46% of the variance, remarkable given the wide variety of freshwater and marine habitats
experienced by the CUs. Six low-survival events in six decades accounted for much of the shared survival pattern. The r2 values for Ricker models were low, indicating that attempts to manage and/or assess Fraser sockeye
using Ricker curves ﬁt to individual CUs will, in general, face low explanatory power. A suite of increasingly
complicated Bayesian regressions, based on the Beverton-Holt model, quantiﬁed the precision of capacity estimates, but these were always imprecise and the Widely Applicable Information Criterion (WAIC) indicated overﬁtting in all but the simplest models. A variance factor for the relative precision of estimates of R, based on the
proportion of spawners from each CU in groups of co-migrating CUs (i.e., runs), was eﬀective only in models in
which WAIC indicated over-ﬁtting. Improving the precision of capacity estimates for Fraser sockeye salmon, using
similar models, will require mobilizing biological knowledge (i.e., historical metadata) about each CU, including
estimates of abundance with identiﬁed precision and indicators of habitat capacity at multiple life-history stages
including the abundance of potential competitors in marine habitats. Researchers analyzing stock recruitment
data for salmon populations and other species are strongly encouraged to pay attention to factors aﬀecting the
various categories of data in their models, i.e., to examine the associated metadata.
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INTRODUCTION

ing (i.e., escapement) to many Fraser River tributaries was
more than double the escapement targets. Potential causes
for this recent variability include viral infections revealed by
genomic signatures (Miller et al. 2013) and unusual ocean
conditions experienced by migrating post-smolts in the
Strait of Georgia, Queen Charlotte Sound, and Hecate Strait
(Thomson et al. 2012; McKinnell et al. 2014). Possible explanations for the long-term trend in declining survival include varying levels of productivity in continental shelf and
oﬀshore waters of the North Paciﬁc related to ocean climate,
combined with competition with other salmonids (Irvine
and Akenhead 2013) including pink salmon (Ruggerone and
Connors 2015).
Forecasts of Fraser sockeye pre-ﬁshery abundance must
cope with two fundamental uncertainties. First, high variability in total survival, e.g., estimates of Chilko Lake smolt
survivals vary by a factor of 20, and limited understanding

Numbers of adult sockeye salmon (Oncorhynchus nerka) returning to British Columbia’s Fraser River (“Fraser
sockeye”) declined starting about 1990 and reached a minimum in 2009 with the smallest return since 1947 (Peterman and Dorner 2012). The poor returns in 2009 were at
the bottom end of the forecast distribution due to low smolt
survivals: 0.3% of sockeye smolts from Chilko Lake (a
high-altitude, pristine lake that is an important component of
Fraser sockeye production) returned in 2009 after entering
the ocean in 2007, compared to a long-term mean of 7%
(MacDonald and Grant 2012; Irvine and Akenhead 2013).
The next year, 2010, had the largest return of Fraser sockeye
since 1913, dominated by Late Shuswap sockeye salmon
that return in large abundances once every four years. Fisheries were overwhelmed and the number of spawners returnAll correspondence should be addressed to S. Akenhead.
e-mail: scott@s4s.com
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of the factors that inﬂuence survival for these populations
means that ability to predict changes is low (Grant et al. 2011;
Irvine and Akenhead 2013). Second, the capacity (maximum
returns at high spawner abundance) of rivers and lakes within the Fraser River watershed to produce sockeye salmon is
poorly determined, particularly for populations where few
years of high escapements have been observed. Active management for relatively ﬁxed escapement targets tends to preclude large escapements and a paucity of data on adult-to-fry
and adult-to-smolt survivals makes it hard to quantify density-dependent eﬀects in fresh water. An independent series
of survival events in freshwater and marine ecosystems produces a lognormal distribution of returns at a given spawner
abundance (Peterman 1978), so variability of returns increases at higher spawner abundances, contributing to uncertainty
regarding both freshwater and marine capacity.
Despite these limitations, there are many data on Fraser
sockeye that have not been thoroughly examined and that
may help to understand the factors responsible for population ﬂuctuations. Within the Fraser watershed there are
24 biologically-based sockeye salmon Conservation Units
(CUs), each of which is genetically and/or ecologically
distinct (DFO 2005; Holtby and Ciruna 2007; Grant et al.
2011). Seventeen of these CUs have lengthy time series of
escapement and return estimates, allowing the stock recruit
analyses in this paper. In a companion paper (Akenhead et
al. 2016) we demonstrate how a detailed examination of historical information for one population (Chilko Lake sockeye
salmon, where survival can be partitioned into pre- and postsmolt) improved our understanding of mechanisms underlying variability in survival.
Our objective here is to identify general patterns of total
survival for Fraser sockeye, for which we examine a series
of stock-recruit models for 17 Fraser sockeye CUs (Fig. 1,
Table 1). Time series of survival from spawning stock (E,
eﬀective female spawners, Schubert and Fanos 1997; Grant
et al. 2011) to adult returns (R, pre-ﬁshery abundance) were
available for these 17 CUs. We evaluate diﬀerences in survival rates, log(R/E), among CUs and years, and the importance of density-dependence on survival estimates. To better
understand variability among CUs, we examine the degree
of synchronicity in total survival (“shared survival”) using
principal components analysis (PCA) and a non-parametric
approach. We test whether unresolved scatter in a stock-recruit plot can, by chance, produce a biased or spurious indication of density-dependence in the Ricker stock recruit
model (Walters and Ludwig 1981; McKinnell 2008). We
also apply the Beverton and Holt (1957) (“B&H”) model to
characterize estimates of capacity for each CU and then attempt to improve these estimates by applying (a) a multi-level model for productivity among CUs and (b) a multi-level
model for a virtual habitat factor that aﬀects productivity by
year. We then ﬁt (c) the annual habitat factor to capacity as
well as productivity, and (d) a variance factor that described
the relative precision of return estimates as a function of the
proportion that each CU contributes to a “run” of adults in

Fig. 1. A map of the Fraser River watershed that locates CUs for
Fraser River sockeye salmon and names some of the important
rearing lakes. Modiﬁed from a Paciﬁc Salmon Commission
map (www.psc.org/download/32/frp-annual-reports/2009/
frp2011annualreport.pdf).

co-migrating CUs. Based on these analyses, we provide
recommendations to ﬁshery managers and stock assessment
analysts.
MATERIALS AND METHODS
Fraser Sockeye Life History and CUs Studied
The life history of Fraser sockeye was described by
Grant et al. (2011) and DFO (2014) and detailed analyses
of the Chilko sockeye salmon are provided by Irvine and
Akenhead (2013) and Akenhead et al. (2016). Mature Fraser sockeye are counted at more than 150 locations in rivers
and lakes, with some locations used by more than one CU
within a year. Their progeny subsequently rear in at least 24
lakes and several rivers (Grant et al. 2011; Table 1). Two
CUs at Chilko Lake were combined in our data because
it was not possible to separate the historical time series of
escapements. Although mature ﬁsh for all extant CUs are
currently monitored, ﬁve CUs (Chilliwack, Harrison (downstream), Nahatlatch, Taseko, and Widgeon) do not have historical recruitment data available and were excluded from
our analysis. We also excluded the Cultus Lake CU because
it is now largely maintained by a hatchery and the Harrison River CU because it has an unusual life history strategy
for sockeye (“river-type,” without lacustrine parr). We note
that Harrison River sockeye salmon have abundance trends
that diﬀer greatly from other Fraser sockeye, with a great
increase in productivity and abundance since 2004 (Grant et
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Table 1. Conservation Units (CUs) for Fraser River sockeye salmon examined in this paper. The starting year of each time series varied but
all were contiguous and the last available observation in all CUs was from brood year 2006. Run timing groups are CUs that migrate together.
There are escapement data but not return data for CUs rearing in Chilliwack Lake, Harrison Lake (downstream), Nahatlatch Lake, Taseko
Lake, and Widgeon River. More detail is available in Grant et al. (2011).
Short name

ID

CU (Rearing lakes)

Early Stuart

1

Takla, Trembleur

First year

Maximum
returns (×10-6)

1948

1.8

Run timing group
Early Stuart

Late Stuart

2

Takla, Trembleur, Stuart

1949

5.3

Summer

Stellako

3

Francois, Fraser

1948

1.9

Summer

Bowron

4

Bowron

1948

0.2

Early Summer

Raft

5

Kamloops

1948

0.1

Quesnel

6

Quesnel

1948

12.5

Summer

Chilko

7

Chilko

1948

4.8

Summer

Seymour

8

Shuswap

1948

1.1

Early Summer

Late Shuswap

9

Adams, Little Shuswap,
Mable, Mara, Shuswap

1948

17.5

Late

Birkenhead

A

Lillooet, Harrison

1948

1.8

Late

Portage

B

Seton

1954

0.2

Late

Early Summer

Weaver

C

Harrison

1966

1.5

Late

Fennel

D

North Barriére

1967

0.1

Early Summer

Scotch

E

Shuswap

1980

1.0

Summer

Gates

F

Anderson, Seton

1968

0.3

Early Summer

Nadina

G

Nadina, Francois

1973

0.6

Early Summer

Pitt

H

Pitt

1948

0.2

Early Summer

Metadata, Factors, and Eﬀect

al. 2011; Beamish et al. 2013; DFO 2014). We did not consider kokanee which are non-anadromous sockeye salmon
that co-occur in Fraser sockeye nursery lakes.

We applied two factors derived from metadata to
stock-recruit models. Metadata are “data about the data”
that can be used to reconstruct habitat, ﬁsheries, and methodological changes that might aﬀect a time series of stock and
recruit estimates. Metadata can be converted to nominal, ordinal, and continuous regression “factors” (Zuur et al. 2009)
and applied to improve stock-recruit models (Scheuerell et
al. 2006; Mantua et al. 2009; Akenhead et al. 2016). For
each factor in our models there was a ﬁtted parameter, γ, to
calibrate and control the eﬀect of that factor.
The ﬁrst factor was a simple covariate, a ﬁxed eﬀect,
simply the “years eﬀect.” A stock-recruit model applied to
a single CU would have a year eﬀect for each data point,
although this could be treated as a smoothly changing function such as from a Kalman ﬁlter (Peterman et al. 2003; Holt
and Peterman 2004). In a model that considers many CUs, a
“virtual habitat factor” that acts across all CUs in each year
can be extracted. We applied such a virtual habitat eﬀect to
productivity estimates and then, by using a ﬁtted parameter,
γH, to capacity estimates.
The other example was a “variance factor” (Zuur et al.
2009) that described data quality. The precision of estimates
of returns, R, is thought to be related to the proportion of
each CU in its run, because allocation to a CU contributing a small proportion of total (mixed) catch is thought to
be less precise than to one contributing a large proportion

Data Sources
Our dataset was the most current used for stock assessments and pre-season forecasts of Fraser sockeye (S. Grant,
DFO, unpublished data). Ten of the 17 CUs examined had
continuous records for brood (spawning) years 1948–2006 (59
years) and the remaining six had shorter time series but none
began later than 1980 (27 years, Table 1). For descriptions of
how data quality and consistency have been maintained for
over 60 years, see Gable and Cox-Rogers (1993), Schubert
and Fanos (1997), Grant et al. (2011), Macdonald and Grant
(2012), and DFO (2014). The values R are for age 1.2 returns,
after one winter in fresh water (post-fry emergence) and two
winters in the ocean. The mean proportion of Fraser sockeye
returning at age 1.2 is 87% (SD = 8%), so other age classes
in the ﬁsheries data are typically a small fraction of the total
returns from a given year’s spawning, but there are exceptions: 37% (SD = 14) for the Pitt CU and 66% (SD = 15) for
the Birkenhead CU. If we assume the age composition of
adults in a CU like Pitt or Birkenhead does not change among
brood years, using only age-1.2 returns is a calibration problem (bias). However, variability among brood years in age
composition will add unexplained scatter with unpredictable
eﬀects on parameter estimates for stock-recruit models.
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(Gable and Cox-Rogers 1993; Ricker 1997, his Appendix
2). This variance factor, Wtj, was the proportion of spawners,
Etj from year t and CU j, of the total abundance of co-migrating spawners within a run timing group (Table 1). This
estimate of Wtj assumed that ﬁshing mortality was the same
among CUs within a run, so the proportion of adult salmon that escape ﬁsheries to become spawners is the same as
the proportion, before ﬁshing, of adult salmon that returned.
Proportion by run was treated as an uncalibrated, ordinal
variance factor, Wtj, which described the relative precision
of estimates for Rtj.
Fitting a variance factor provides a weighted regression when the true weights (true precisions) are not known.
Imprecision for an estimate of Rtj (i.e., low Wtj) means a
larger standard deviation for the distribution of possible
residuals around the predicted value of Rtj. An outlier that
can be determined to be imprecise will have less eﬀect on
the ﬁtted curve (lower leverage). A ﬁtted parameter γW
controlled how Wtj aﬀected the standard deviation for a residual.

𝜔𝐴𝐼𝐶𝑗 =

𝑒

−1∆𝐴𝐼𝐶𝑗
2

∑𝑗

−1∆𝐴𝐼𝐶𝑗
𝑒 2

,

where ωAIC expresses AIC in terms of the relative probability, among the models compared, of making the best predictions with similar new data.
Shared Survival Signal
In the absence of density dependence, the stock-recruit
relationship is a straight line with slope = 1 on a log-log
plot of R versus E. Scatter about that line is mainly due to
environmental and observational variance, but see Walters
(1985) and Myers and Barrowman (1995) for analyses of the
“time series eﬀect” due to R from one brood aﬀecting E for a
subsequent brood. We used PCA to extract the annual signal
in log(R/E) that was “shared” across the eleven CUs that had
complete data for brood years 1950–2006 (Table 1). PCA
was also applied to 17 CUs with complete data for 27 years
(1980–2006) but four CUs were deleted (leaving 13 CUs for
the PCA) after using cluster analysis to identify and delete
CUs that were dissimilar from the others. We also applied
a non-parametric approach based on survival rate, log(R/E),
ranked within CUs. For each year we counted the number
of CUs with a survival rate in the highest 10%, highest 20%,
lowest 20%, and lowest 10%, to indicate years when extremes in survival were synchronous across CUs.

Analysis
log(R) versus log(E)
In our initial analysis, we examined scatter-plots
of log(R) versus log(E) for each CU and for all 17 CUs
pooled. To aid interpretation, we calculated 95% conﬁdence limit ellipses for each scatter plot, using PCA and
assuming bivariate normal distributions. As the simplest
stock-recruit model, we calculated one line, with slope =
1, on a log-log plot of R versus E pooled over all 17 CUs.
The intercept for this line was an estimate of the overall
survival rate. This is not a trivial model because it explicitly assumes that (a) across all CUs, productivity does not
change, and (b) abundance is so low that density-dependence is not important. A categorical factor with a level for
each CU was introduced to compare this simplest model to
(a) one line with ﬁtted slope and intercept; (b) 17 parallel
lines with slope = 1 where intercepts varied by CU; (c) 17
parallel lines all with the same slope; and (d) 17 lines with
varying intercepts and slopes (34 parameters).
The utility of a domed function for density-dependent
survival, as in the Ricker model, was examined by adding
a log(E)2 term for a total of 51 parameters. A log-log quadratic regression, log(R) = a + b log(E) + c log(E)2 ﬁts a
parabola to log(R) versus log(E) and a normal curve to R
versus E (when b is positive and c is negative). This model
was applied to all CUs pooled (three parameters) and to each
of the 17 CUs (51 parameters).
These seven regressions were compared by r2 and AIC
without considering autocorrelation. AIC is the Akaike Information Criterion, the log likelihood corrected for overﬁtting by adding the number of parameters. To compare j
diﬀerent regressions we calculated ΔAICj = AICj - min(AIC)
and then the Akaike weights (Burnham and Anderson 2004;
McElreath 2016),

Ricker Fits Compared to Straight Line and Parabolic Fits
Ricker stock-recruit parameters were calculated using
ordinary linear regression based on the log transform of the
Ricker model,
𝑅
𝑙𝑜𝑔 ( ) = 𝑎 − 𝑏𝐸 + 𝑁 (0, 𝜎)
𝐸

(1)

(Ricker 1997). To evaluate ﬁt, rather than using r2 from the
regression based on Equation 1, we calculated r2 by comparing each observed R to the corresponding prediction,
𝑟2𝑗 = 1 −

∑𝑡(𝑅𝑡𝑗 − 𝑅̂𝑡𝑗 )2
2

∑𝑡(𝑅𝑡𝑗 − 𝑅̅𝑡𝑗 )

,

(2)

where 𝑅̅j is the mean of observed Rtj for CU j and 𝑅̂tj is the
predicted value from the back-transformed curve,
1 2

𝑅̂𝑡𝑗 = 𝐸𝑡𝑗 𝑒𝑎−𝑏𝐸𝑡𝑗 +2𝜎 ,

(3)

where σ is the standard deviation of residuals from Equation
1 and the term σ2/2 (in the exponent) corrects what would
otherwise be predictions of the median for returns at Ej to
predictions of the mean (Ricker 1997). Note that r2 can be
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negative when the sum of squared residuals from ﬁtting a
Ricker curve are greater than from ﬁtting a mean. We compared Ricker curves to straight lines through the origin, essentially to test the assumption of density-dependent mortality for each stock. We did not report a comparison of Ricker
curves to lines with a ﬁtted intercept (i.e., non-zero) because
that violates the biological assumption of “no spawners, no
returns.”
We were interested in the extent to which the Ricker
curve with two parameters (not counting σ or the constraint
that R = 0 when E = 0) was more eﬀective than the linear
model with one parameter simply because adding a parameter will always increase r2. The next simplest model after a
straight line through the origin is a parabolic curve through
the origin.
The results from these simple models were compared
to the results from the Ricker model by analysis of variance.
From Zar (1999, p. 453)
𝐹 =

𝑆𝑆(𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑠1 ) − 𝑆𝑆(𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑠2 )
,
𝑀𝑆(𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑠2 )

second part simulated a normal distribution of possible observations, centered around each predicted log(R). We examined the residuals from regressions of log(R) on log(E)
to see if their standard deviation increased with log(E), i.e.,
heteroscedasticity, by a second regression of the absolute
value of those residuals on log(E) for each CU. The slope
of that regression would be zero for homogenous residuals,
apart from statistical uncertainty in the estimated slope.
We drew random samples from a normal distribution
(with the same standard deviation, σ, across all CUs) to simulate values of log(R) at each observed value of log(E). For
the observed times series of data from each CU, we created
1,000 simulated replicates of that time series, each with the
observed values of log(E) but diﬀerent simulated values of
log(R). Applying Equation 1 to the simulated data produced
1,000 estimates of a and b for each CU. We then determined
the fraction of simulated estimates of b that were larger than
the observed value of b. That fraction indicates the probability of the observed b being due to chance when the true value
of b was zero, assuming our simulation model approximated
reality.

(4)

Multi-level Bayesian Stock-recruit Models
where SS is the sum of squares, residuals2 are the residuals
from the second model, and MS(residuals) = SS(residuals)
/ degrees of freedom. The number of degrees of freedom in
the denominator is the number of cases minus the number
of parameters. Fisher’s F is the probability distribution of
the ratio of two estimates of variance from samples from the
same population. In this case we were asking, “What is the
probability that the results (as r2) from the ﬁrst and second
model are the same?”

We used the B&H stock-recruit model for more complicated regressions because we wanted to add habitat factors
to productivity (P deﬁned as R/E as E → 0, i.e., density-independent survival) and capacity (C, deﬁned as R as E → ∞ in
this model) following the examples of Walters and Korman
(1999), Scheuerell et al. (2006), and Mantua et al. (2009).
We applied variants of this non-linear model to predict adult
salmon returns (R) from eﬀective female spawners (E) by using a “Bayesian” Monte Carlo method to determine the joint
probability distribution for ﬁtted parameters, given the data
and the model. The models included prior knowledge about
the parameters, e.g., a priori distribution, positivity, and
multi-level eﬀects. With non-linear models and real-world
data, parameter distributions cannot be assumed to be multivariate normal; moreover we were interested in knowing
about covariance and skew in the probability distributions of
ﬁtted and derived parameters. We used a specialized computer language, Stan, that implements full Bayesian statistical inference via Monte Carlo sampling (Stan Development
Team 2015). Speciﬁcally, we used the No-U-Turn Sampler,
a variant of Hamiltonian Monte Carlo (HMC) via the “rstan”
package within the R language for data analysis (R Core
Team 2016). HMC operated in two steps after each of our
statistical models was compiled: “warm-up” iterations that
are used to optimize the step-size and orbital parameters for
the HMC algorithm, and then “sampling” iterations based on
those parameters. Typically, we used four HMC sampling
chains, each of 2,000 samples, and then checked the quality
and adequacy of sampling by using the “split-chain potential
scale reduction statistic” (Gelman and Rubin 1992). The resulting samples of the posterior joint probability distribution
of parameters were the basis for describing the marginal dis-

Simulated Returns
We wished to know if noisy stock-recruit data would
produce apparently meaningful values of b from ﬁtting a
Ricker model (Equation 1) when in fact there was no eﬀect
of density on survival and the true value of b was zero. To
answer this question, we simulated observations of R in the
hypothetical situation of no density dependence. The prediction model had two parts,
log(𝑅̂𝑡𝑗 ) = [log(𝐸𝑡𝑗 ) + 𝑎] + 𝑁(0, 𝜎)

(5)

where
𝑎=

∑(
𝑡𝑗

log(𝐸𝑡𝑗 ) − log(𝑅𝑡𝑗 )) / 𝑛 .

The ﬁrst part, in square brackets, predicted the mean for
log(R) at each observed log(E) by adding a constant, a, to
each observed value of log(E). The constant was the mean
over all observations of the diﬀerence between each log(R)
and the corresponding log(E), i.e., the mean productivity
rate. This assumed there were no diﬀerences in productivity
between CUs and no eﬀect from capacity limitations. The
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tributions of parameters via summary statistics such as mean
and standard deviation (or their robust equivalents: median
and median absolute diﬀerence from the median, MAD) and
as percentiles. Appendix 1 contains the Stan code for the
most complicated model (6A).

ceding log-log regressions (Table 2). This log-normal error
structure implies that the predicted value is the median, not
the mean, for R at a speciﬁc Etj, but the mean for R is available by multiplying by 𝑒𝑠 /2 as in Equation 3.
2

Model 1. Productivity by CU without Capacity
We assumed productivity, Pj , varied by CU for the regressions,

Widely Applicable Information Criterion (WAIC)
Although AIC is appropriate for comparing ordinary
linear regressions, it is not appropriate for models with
non-uniform priors or for non-linear models. The Widely
Applicable Information Criteria (WAIC), a generalization of
AIC, is applicable to regressions with constraining priors,
including multi-level regression models (Gelman et al. 2014
§7.2; McElreath 2016 §6.4). Regression statistics such as r2
and negative log likelihood (NLL) deal with the diﬀerence
between an observation and a single ﬁtted value (a residual),
but the ﬁtted values for parameters have probability distributions (e.g., standard error of the slope in a linear regression)
so there is a probability distribution for the residual at each
observation. HMC samples of the joint distribution of parameter estimates provided samples of the probability distribution of the prediction at each data point: these were summarized as mean and variance of the log likelihood at each
data point. The statistic “log pointwise predictive density”
(lppd) refers to the sum, over data points, of those means and
is a Bayesian estimate of how precisely the model predicts
the observed data. The number of eﬀective parameters (pWAIC) is the sum of those variances. Constraints outside of the
data (e.g., non-uniform priors, constraints such as positivity,
and multi-level eﬀects) reduce those variances (Watanabe
2010; Gelman et al. 2013; Gelman et al. 2014 §7.2; Vehtari
and Gelman 2014). The WAIC uses pWAIC to correct lppd
for the eﬀect of over-ﬁtting and is an estimate of predictive
accuracy for unobserved but similar data, i.e., for out-ofsample prediction. Because stock-recruit models for Fraser
sockeye are used for predictions of unobserved returns from
known spawners, WAIC is appropriate for comparing models intended for those predictions.

𝑅𝑡𝑗 = 𝑃𝑗 𝐸𝑡𝑗 +𝑒𝑁(0,𝜎) .

Priors for all Pj were N(8, 2) as in Model 0.
Model 2. Multi-level Productivity by CU without Capacity
Ordinary regression models involve either complete
pooling or no pooling, but when the groups have shared attributes, as true for CUs of Fraser sockeye, a better approach
is partial pooling via multi-level regression (Gelman and
Hill 2007). A heuristic explanation of multi-level modeling
is that an among-groups model provides prior information
for estimating within-group models, such that if the within-group data are insuﬃcient to accurately estimate some parameter then that within-group estimate will tend to be similar to the across-groups estimate (Gelman and Hill 2007;
Methot and Taylor 2011). This eﬀect, called “shrinkage,”
tends to prevent unrealistic parameter estimates. We did not
explicitly consider an among-CUs eﬀect for capacity in any
model.
We constrained productivity by CU (Equation 7) by using an among-groups (partial pooling) model that assumed
the productivity for a CU could be modeled as a draw, Pj,
from a normal distribution of productivity among CUs (Fraser-wide). This required ﬁtting a mean, μP, and standard deviation, σP, for that Fraser-wide distribution,
𝑃𝑗 = 𝑛(𝜇𝑝 , 𝜎𝑝 ) .

(8)

The multi-level regression model from combining Equation
7 and 8 will shrink extreme but imprecise estimates of Pj
toward μP. The prior distribution for μP was N(8, 2) and the
prior for σP was gamma(2, 1), as previously.

Model 0. The Null Model
The simplest model (model 0) assumed a single value
for productivity, P, invariant across CUs and years, and no
eﬀect of capacity on survival. This is a one-parameter regression to predict Rtj, the estimate of returns for year = t and
CU = j, from Etj, the eﬀective female spawners,
𝑅𝑡𝑗 = 𝑃𝐸𝑡𝑗 +𝑒𝑁(0,𝜎) ,

(7)

Model 3. Multi-level Productivity by Year without Capacity
Based on the preceding log-log regressions and the examination of how productivity across CUs changed among
years (shared survival), we assumed a single value, Pmax,
could represent maximum productivity of all CUs in some
“best possible year.” Pmax was modiﬁed by a virtual habitat
factor Ht each year, with 0 < Ht < 1. The productivity each
year was then

(6)

where N refers to the normal distribution and σ is a ﬁtted
standard deviation. For all models, we assumed lognormal residuals (Peterman 1978) to avoid predicting Rtj < 0.
The prior distribution for P was N(8, 2), mildly informative
based on results from the preceding log-log regressions. The
prior distribution for σ was gamma(2, 1) to constrain σ > 0
and the mode at σ = 1 reﬂected information from the pre-

𝑃𝑡 = 𝑃𝑚𝑎𝑥𝐻𝑡 .

To avoid Ht = 0 and to require that all CUs exhibit synchronously high or low survival in order to estimate Ht → 0 or
Ht → 1, the prior we used for Ht was
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(9)
𝑅𝑡𝑗 =

a dome between 0 and 1 with a ﬁtted mode at Ht = 1 / BH.
This is an among-years model that will shrink poorly deﬁned
estimates of Ht toward the mode. The prior for the ﬁtted
parameter was BH = Uniform(1, 3) and HMC sampling was
constrained BH > 1. The regression model was multi-level,
combining Equation 9 with
𝑅𝑡𝑗 = 𝑃𝑚𝑎𝑥 𝐻𝑡 𝐸𝑡𝑗 + 𝑒𝑁(0,𝜎) .

𝐸𝑡𝑗
1 + 𝐸𝑡𝑗
𝑃𝑗 𝐶𝑗

+ 𝑒𝑁(0,𝜎) ,

(11)

where Pj was from the preceding multi-level model to estimate productivity by CU (model 2, Equations 7 and 8),
and Cj estimates capacity by CU. To constrain unrealistically large estimates of capacity, the prior for each Cj was
Cauchy(0, 3) with HMC sampling constrained Cj ≥ 0. This
Cauchy distribution was equivalent to Student’s t distribution with 1 degree of freedom, mean = zero, and standard
deviation = 3.

(10)

Model 4. Multi-level Productivity by CU and Capacity by CU
Fitted estimates for a capacity eﬀect for each CU were
then introduced, based on the B&H model,

Table 2. Results from log-log regressions of returns (R) and eﬀective female spawners (E). Rather than display many similar parameters
(e.g., 17 intercepts), they are summarized by their mean and CV (SD/mean, as percent). σ is the standard deviation of residuals. AIC is the
Akaike Information Criterion; ΔAIC compares each AIC to the smallest AIC, and ωAIC expresses AIC in terms of the relative probability, among
these models, of making the best predictions with similar new data. All available data were used (Table 1). Curvature refers to the regression
coeﬃcient ﬁtted to log(E)2 when describing a ﬁtted parabola.
Model

Parameter

one line,
slope = 1

Intercept

one line

one parabola

17 parallel lines,
slope = 1

17 parallel lines

17 parabolas

Statistics

2.15

SE = 0.04

Residuals

df = 879

Fit

r2 = 73%

Intercept

1.32

SE = 0.08

Slope

0.82

SE = 0.02

Residuals

df = 878

Fit

r = 76%

Intercept

1.62

2

σ = 1.05

ΔAIC = 222
ωAIC = 0.00

σ = 0.99

ΔAIC = 104

AIC = 2475

ωAIC = 0.00

SE = 0.12

0.97

SE = 0.05

Curvature

0.015

SE = 0.005

Residuals

df = 877

Fit

r2 = 76%

AIC = 2466

17 Intercepts

Compare

AIC = 2592

Slope

σ = 0.98

ΔAIC = 96
ωAIC = 0.00

Mean = 2.15

CV = 11%

Residuals

df = 863

σ = 1.04

ΔAIC = 210

Fit

ωAIC = 0.00

17 Intercepts
Slope

17 lines

Estimate

r = 75%

AIC = 2580

Mean = 1.04

CV = 31%

0.76

SE = 0.02

2

Residuals

df = 863

Fit

r2 = 79%

σ = 0.95
AIC = 2435

17 Intercepts

Mean = 0.51

CV = 210%

17 Slopes

Mean = 0.64

CV = 37%

Residuals

df = 847

Fit

r2 = 81%

σ = 0.91
AIC = 2370

17 Intercepts

Mean = 0.74

CV = 350%

17 Slopes

Mean =0.73

CV = 130%

17 Curvatures

Mean = 0.001

SD = 0.100

Residuals

df = 808

Fit

r = 81%
2
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σ = 0.91
AIC = 2377

ΔAIC = 65
ωAIC = 0.00

ΔAIC = 0
ωAIC = 0.96

ΔAIC = 6
ωAIC = 0.04
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Model 5. Multi-level Productivity by Years but Capacity by
CU
The next model was similar to the previous one, except
that productivity varied by year (Equation 9) instead of by
CU (Equation 7),
𝑅𝑡𝑗 =

𝐸𝑡𝑗
𝐸𝑡𝑗
1
+
𝑃𝑚𝑎𝑥 𝐻𝑡 𝐶𝑗

+𝑒

𝑁(0,𝜎)

.

sion weights from this uncalibrated variance factor (Zuur et
al. 2009). The standard deviation of lognormal residuals,
−𝛾
σ, was increased by a factor 𝑊𝑡𝑗 𝑊 for year = t and CU = j
(Gelman et al. 2013 §14.7). The variance model for residuals (Equation 6) was changed to
𝑅𝑡𝑗 = 𝑅̂𝑡𝑗 𝑒

(12)

−𝛾

𝑁 (0,𝜎𝑊𝑡𝑗 WW )
.

(15)

−𝛾

Using 𝜎 ∗ = 𝜎𝑊𝑡𝑗 𝑊 to represent the increased standard deviation for a case, if γW = 0 then σ* = σ and the variance factor is ineﬀective and all observations are treated as equally
precise. For small values of γW, only small values of Wtj
(cases indicated as highly likely to be highly imprecise) are
eﬀective to increase σ*. When γW = 1, σ* = σ/W which is
ordinary weighted regression.
Variance factors essentially change the data used in a
regression, compromising comparisons of regressions, e.g.,
Wjt = 0 eliminates a case. We calculated the eﬀective numγ
ber of cases as ∑Wtj (note change of sign and that 0 ≤ Wtj
≤ 1). To compare diﬀerent models that include a variance
factor, it is necessary to use the same Wtj, and the same γW
(previously ﬁtted) for each model otherwise the data will be
diﬀerent and comparisons will be invalid (Zuur et al. 2009).
In this regression, the probability for an outlier can change
quickly as the ﬁtted value of γW changes because γW acts exponentially on the standard deviation, which in turn acts exponentially through the lognormal distribution for residuals
(Equation 15). To clarify what happened when the weight
for a speciﬁc case changed because of the variance factor,
we calculated the probability of the observed estimate of returns, given the ﬁtted value and the weighted lognormal SD
for that case. Then we used the not-weighted SD, associated
with precise observations, to calculate an imaginary return
with the same probability but from a best-precision observation. For imprecise outliers that imaginary observation will
be closer to the ﬁtted curve than the observed data point. We
indicated selected points by an arrow on a stock-recruit plot
to indicate cases with a large eﬀect from down-weighting Rtj.

In this model, a table of observations of Rtj (with t rows for
years and j columns for CUs) was estimated from a similar
table of Etj by a function that used a ﬁtted parameter Ht for
each row and a ﬁtted parameter Cj for each column, but with
no parameter speciﬁc to a single cell in the table. Each cell
in the table was predicted from estimates at the margins of
the table. Consistent diﬀerences in productivity among CUs
were not estimated and contribute to the residual variance.
To include CU-speciﬁc productivity would require another
17 parameters and we had previously determined that the
range in productivity among CUs was small compared to the
range in productivity among years.
Model 6. Multi-level Productivity and Capacity by Years
The ﬁnal model introduced the potential for a linear effect from Ht on the capacity estimate for each CU so that the
capacity for each CU varied by year,
𝐶𝑡𝑗 = 𝐶𝑗 (1 − 𝛾𝐻 ) + 𝐶𝑗 𝛾𝐻 𝐻𝑡 .

(13)

A ﬁtted parameter, γH, with 0 ≤ γH ≤ 1, controlled the eﬀect
of the virtual habitat factor Ht on Cj. If there is no advantage
from ﬁtting annually varying capacity, γH → 0 and Ctj = Cj.
Alternatively, γH → 1 would be evidence that capacity varies
in response to the same habitat changes that make productivity vary by year. At an intermediate value, e.g., γH = 0.5, then
Ctj would vary from Cj, the ﬁtted maximum capacity, when
Ht = 1, to 0.5 Cj in a year when Ht = 0. If γH = 1 then 0 < Ctj <
Cj corresponding to 0 < Ht < 1. The regression model, from
combining Equations 12 and 13, was

RESULTS
𝑅𝑡𝑗 =

𝐸𝑡𝑗
𝐸𝑡𝑗
1
+
𝑃𝑚𝑎𝑥 𝐻𝑡 𝐶𝑗 (1 − 𝛾𝐻 ) + 𝐶𝑗 𝛾𝐻 𝐻𝑡

+ 𝑒𝑁(0,𝜎) .

(14)

log(R) versus log(E)
Assuming and ﬁtting a bivariate normal distribution for
log(R) and log(E) resulted in individual ellipses for 17 CUs
(Fig. 2). Typically, more than 5% of the points were outside
of the 95% conﬁdence limit ellipse, indicating fat tails. For
comparison, the pooled data are presented as a scatterplot
(Fig. 3A) and a bivariate normal ellipse (Fig. 3B). When all
17 ellipses were compared in a single plot (Fig. 3C), their
centroids fell close to a straight line (Fig. 3D). Despite a
great range in the lengths of the ellipses, reﬂecting variation
in the range of E within CUs (the range is large in CUs with
cyclic dominance such as Quesnel and Late Shuswap), the
ellipse widths were similar, implying similarity among CUs

The prior for γH was beta (0.5, 0.5), an inverse dome (“U
shaped”) that added a tendency to ﬁt a value near 1 or near 0
without precluding intermediate values.
Variance Factors for Precision of Returns
We explored a variance factor Wtj, where 0 ≤ Wtj ≤ 1,
related to the relative accuracy of returns estimates by CU by
year. A ﬁtted parameter, γW, was used to determine regres370
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log(R)

Fig. 2. Scatterplots of log(R) versus log(E) for 17 Fraser sockeye CUs. Data as in Table 2. Crossed lines indicate the mean for both variables. Ellipses represent 95% conﬁdence limits of
bivariate normal distributions calculated from the ﬁrst two principal components. The correlation (r2) is expressed as percent.

log(E)
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log(R)

density-dependent productivity because the slope of a linear
regression is necessarily < 1 when r2 < 1 (Peterman 1978).
Using one parabola to describe the scatter plot of pooled
data for log(R) versus log(E) (Fig. 3B), estimates of log(R)
at the lowest values of log(E) were above a line with slope =
1 that goes through the means of log(R) and log(E), i.e., the
curvature occurred at the lowest abundances. For mid-range
and high E, the curve is linear with slope = 1, indicating no
capacity eﬀect at the highest abundances. This single curved
line was not a useful improvement over a straight line (Table
2) although curvature was present (comparison of regressions by ANOVA, p(F1,877 > 10.6) = 0.0012).
After ﬁtting four models with parameters for each CU,
the best model, based on AIC, was 17 lines (34 parameters,
r2 = 81%). The mean slope was 0.64 (SD = 0.23) because
log(E) accounted for little of the variation in log(R) within
four CUs (Pitt 2%, Birkenhead 9%, Weaver 12%, Stellako
13%), and consequently these CUs had a low slope (< 0.42).
These were speciﬁc cases with a low ability to account for
log(R) from a CU-by-CU approach, but this is generally
true: the mean r2 among CUs was 50% (SD = 0.27). The exceptions were Quesnel (r2 = 90%) and Late Shuswap (89%);
both were CUs with cyclic dominance, which creates a large
range in log(E) (Fig. 2). The model with 17 lines (34 parameters, r2 = 81%) was a small improvement over the model
with 17 parallel lines (17 parameters, r2 = 79%). The model
with curved lines for each CU (51 parameters, r2 = 81%) was
not an improvement over a straight line for each CU (Table
2). Only the Chilko CU was improved by a convex parabola, but in that CU potential production from high escapements was confounded by a deleterious spawning channel
for many years (Akenhead et al. 2016).
These log-log regressions (Table 2) and the ellipses
(Fig. 2) showed that the diﬀerence in production among
CUs was small: 17 parallel lines with slope = 1 instead of
one line with slope = 1 improved r2 by 3%. Moving from
a one-parameter model that assumed no diﬀerence among
CUs in productivity and no density eﬀect to a model with 34
or even 51 parameters that allowed productivity and density
eﬀects to vary between CUs, improved r2 by 11% (from 73%
to 81%) and improved the SD of residuals by 13% (from
1.05 to 0.91). This improvement involved substantial overﬁtting and is smaller than the residual variance in log(R) (1
– r2 = 27% with one parameter, 19% with 34 parameters)
that is due to diﬀerences among years within CUs and to imprecision for estimates of R and E. In summary, log(R) was
2.1 (SE = 0.04) times log(E) with small improvements from
considering CUs and density-dependence. The corresponding estimate for median production is e2.1 = 8.2 R/E.

log(E)

Fig. 3. Pooled data for log(R) versus log(E) for 17 Fraser Sockeye
CUs, 1948-2006. Data as in Table 2. A. Scatter plot for all CUs
and all years pooled. The line has slope = 1 and describes Fraser
sockeye survival almost as well as 17 straight or curved lines,
one for each CU (Table 2). Estimates of log(R) at the lowest
estimates of log(E) are higher than expected, possibly because
estimates of R from the allocation of mixed catches to CUs at low
returns abundance is biased high, or because estimates of E from
(typically) visual surveys at low spawner abundance are biased low,
or both. B. An ellipse for the 95% conﬁdence limit of a bivariate
normal distribution ﬁtted by principal components analysis to data
in plot A. The line is the ﬁt for one parabola (Table 2) and exhibits
slope = 1 above the means (the dot). C. Ellipses for each of the
17 Fraser sockeye CUs, from Fig. 2. The similar width of ellipses
indicates the variance in log(R) that is not accounted for by log(E)
is similar among CUs. D. Centroids from the ellipses shown in
plot C, with CUs identiﬁed as in Table 1. The centroids are aligned,
indicating the production rate, log(R/E), is similar across all CUs.
Note diﬀering ranges of axes.

in the observation variance for R and E and similarity in the
eﬀect of changes in habitats on survival rates.
Considering the 17 Fraser sockeye CUs pooled, with
mean(log(E)) = -2.54 (SE = 0.068) and mean(log(R)) = 4.69
(0.072), the overall production rate was the diﬀerence, 2.15
(SD = 1.05, n = 881 pairs). The ellipses in Fig. 2 and Fig. 3C
showed this to be a reasonable description of Fraser sockeye
because the trend and residual variance were similar among
CUs. The mean production (not logged) can then be estimated as e (2.15+1.05^2/2) = 14.9 R/E. Pooling all CUs, so that each
observation of R from E was assumed to be representative of
Fraser sockeye as a whole, presented a near-linear pattern on a
log-log plot (Fig. 3A). One straight line explains r2 = 76% of
the variation in the Fraser sockeye returns (Table 2). The regression slope was < 1 and (back-transformed) R = 3.76 E 0.82,
but this apparent curvature does not allow the conclusion of

Ricker Model Fits
Fitting a straight line through the origin as a model of
returns from eﬀective female spawners (EFS) assumes there
is no eﬀect from density-dependent survival within the observed range of EFS. Comparing ﬁts from the Ricker model
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Stock-recruit analyses of Fraser River sockeye

NPAFC Bulletin No. 6

to ﬁts from a straight line through the origin (Table 3) quantiﬁed the obvious: unexplained scatter in the Fraser sockeye
stock-recruit data frequently overwhelmed evidence of density-dependent survival. The r2 values for Ricker model ﬁts,
calculated using Equation 2, were low: worse than a simple
mean in two of 17 CUs, Late Stuart and Pitt (r2 < 0), and >
50% for only three CUs (Early Stuart, Quesnel, and Late
Shuswap). A line through the origin was a “substantial improvement” (deﬁned as: r2 is increased, r2 ≥ 25%, and ≤ 5%
probability that the diﬀerence in r2 values was due to chance)
in four of 17 CUs: Late Stuart, Weaver, Scotch, and Gates.
The Ricker model was a substantial improvement over a line
through the origin for only four CUs: Quesnel, Chilko, Seymour and Nadina. The results in Table 3 corroborated the
issue identiﬁed by McKinnell (2008): high values for Ricker
model parameters a (productivity) and b (related to capacity)
tend to be associated with low r2 values (Fig. 4).
In order to determine the eﬀect of adding another parameter to a model, as opposed to beneﬁts from the speciﬁc
shape of the Ricker model, we ﬁt a parabola to predict R from
E. The Y-axis intercept for the parabola was constrained to
be zero, similar to the Ricker model. A parabola was a substantial improvement on the Ricker model for 10 CUs, but

two results were concave (“U” shaped) not convex (domed),
leaving eight: Early Stuart, Late Stuart, Bowron, Raft, Late
Shuswap, Portage, Weaver, and Fennel. The Ricker model
was not a substantial improvement over a parabola for any of
the 17 CUs. Thus, a parabola was as good as, and frequently better than, the Ricker model to describe the available
stock-recruit data for Fraser sockeye. This is a statistical observation and does not consider prediction of negative returns
at high values of E (never the case within these data).
In three cases, Raft, Birkenhead, and Pitt, the probability of a zero intercept for an unconstrained parabola was
small (calculations not shown), suggesting that more information than just E is required to account for the returns from
those three CUs, or that the range of E is too small to be a
useful predictor (Fig. 2).
Fitting the Ricker Model to Simulated Returns from Observed EFS
Simulation of values of log(R) at observed estimates of
log(E) required an estimate of σ, the standard deviation of
residuals from a straight-line ﬁt to that log-log regression
with slope = 1, i.e., no density dependence (Equation 5). In
this case only the intercept is determined, equivalent to the

Table 3. Comparison of regression statistics for three models: 1. The Ricker model, 2. A line that goes through the origin, and 3. A parabola that
goes through the origin. The time series are the same as in Table 2 and returns from eﬀective female spawners are analyzed separately for 17 CUs.
The statistic P1,2 is the probability (ANOVA, Equation 4) that the absolute value of the diﬀerence between r21 from the Ricker model and r22 from the
linear model is due to chance. Similarly, P1,3 compares the Ricker model and a parabola, and P2,3 compares the linear and parabolic results.
CU
Early Stuart

1. Ricker Model
ea

b

7.8

2. Linear
r2 1

Slope

r22

P1,2

3. Parabolic
Slope

Curve

r 23

P1,3

P2,3

2.6

67%

5.8

68%

15%

7.5

-7.2

71%

1%

3%

Late Stuart

12.

2.2

-33%

4.3

41%

0%

8.4

-4.5

49%

0%

0%

Stellako

14.

9.4

20%

6.2

-6%

0%

13.

-50

17%

15%

0%

Bowron

12.

70.

37%

7.5

40%

11%

10.

-250

41%

5%

26%

Raft

11.

64.

35%

5.3

34%

38%

-200

39%

5%

3%

8.9

Quesnel

13.

1.3

58%

4.7

35%

0%

14.

-7.3

57%

15%

0%

Chilko

15.

3.6

28%

5.4

-5%

0%

14.

-23

26%

21%

0%

Seymour

9.4

9.0

46%

7.5

38%

0%

13.

-90

49%

7%

0%

Late Shuswap

7.6

0.24

58%

5.9

55%

8%

11.

-3.0

72%

0%

0%

Birkenhead

14.

13.

12%

5.1

2%

1%

11.

-45

10%

30%

2%

Portage

25.

172.

17%

9.7

23%

5%

18.

-900

31%

0%

2%

Weaver

21.

16.

4%

Fennell

21.

220.

4%

Scotch

6.8

Gates

13.0

Nadina

8.2

53.

Pitt

11.

-9.7

13.
4.2

38%

0%

14.

-9.4

38%

0%

72%

-3%

10%

10.

-600

28%

0%

0%

94%

0%

+92

96%

0%

0%

47%

13.

50.

45%

11.

55%

1%

13.

35%

6.0

25%

4%

-5%

2.9

-50%

0%

7.7
8.1
11.
6.4

+230

57%

0%

24%

-120

37%

31%

2%

-87

-23%

0%

0%

Mean

13

28%

6.9

29%

5%

11

41%

7%

8%

SD

5.1

26

3.0

34

10

3.12

27

11

18

CV

39%

93%

44%

118%

176%

28%

66%

140%

232%
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overall mean for log(R) – log(E). Based on all 881 observations pooled, that mean was 2.145 with standard deviation
σ = 1.053. To conﬁrm that σ was constant as opposed to increasing at high values of log(E), we determined the residuals from ordinary linear regression of log(R) versus log(E)
for each CU, and then regressed the absolute value of those
residuals against log(E) (Table 4). There were two CUs
with weak evidence that σ might have increased with log(E),
Birkenhead had slope = 15% with 8% chance that the slope
was zero, and Weaver had slope = 14% with 17% chance.
The mean slope, among 17 CUs, was low (1.4%, SD = 7)
with all r2 ≤ 5%. We used this result, in conjunction with our
conclusions from Table 2 and Fig. 3, as suﬃcient evidence
to proceed with the assumption that σ did not change with
log(E). For all CUs, we drew simulated values of log(Rtj)
from N(2.145 log(Etj), 1.053).
When we used 1,000 time-series of simulated log(R) in
the Ricker regression, 11 of the 17 CUs had observed estimates for Ricker’s b that were greater than the 95th percentile of simulated results (Table 5, last column). Within the
assumptions of our simulation, it is unlikely these observed
values of b could have been the result of chance, and highly
unlikely that 11/17 would be so extreme by chance. For six

b

ea

r2 (%)

r2 (%)

Fig. 4. Parameters from 17 CUs ﬁtted separately to the linearized
Ricker stock-recruit model (Equation 1), with CUs identiﬁed as in
Table 1. A. High estimates for the a parameter, expressed here
as productivity, ea, are associated with low r2 values. Values for r2
were calculated using the prediction of returns (R) from eﬀective
female spawners (E) (Equation 2). A negative value for r2 means
the model accounts for less of the variance in R than does the
mean for R. B. Large estimates for the b parameter may indicate
small habitat capacity but estimates will be unreliable when the
Ricker model does not account for the returns (low or negative r2).
Note negative estimate for the CU marked as “E” (Scotch).

Table 4. A test for the variance in residuals increasing with log(E). The summary statistics for regressions of log(R) versus log(E) for 17 CUs
are the same as in Table 2 (“17 lines”). The residuals from this regression were used in a second regression of the absolute value of residuals
against log(E). The low slopes, low r2 values, and high probabilities that the slopes are zero are the basis for concluding homogenous variance
of residuals with respect to log(E). Homogenous variance was assumed when simulating residuals to investigate ﬁts to the Ricker model.
Log(R) vs. log(E)

|Residuals| vs. log(E)

Number of
years

Intercept

Slope

σ

r2

Early Stuart

59

1.00

0.76

0.73

Late Stuart

58

0.88

0.66

1.15

Stellako

59

0.25

0.42

Bowron

59

-0.22

Raft

59

0.07

CU

Slope

r2

Probability

67%

0.01

0%

77%

63%

-0.03

1%

41%

0.82

13%

0.11

2%

28%

0.60

0.75

38%

0.01

0%

83%

0.66

0.79

45%

-0.10

5%

8%

Quesnel

59

1.62

0.87

1.08

9%

0.04

4%

14%

Chilko

59

1.08

0.55

0.79

37%

0.03

0%

66%

Seymour

59

1.37

0.85

0.93

56%

0.00

0%

95%

Late Shuswap

59

1.74

0.94

0.96

89%

-0.04

5%

8%

Birkenhead

59

-0.31

0.33

0.92

10%

0.15

5%

8%

Portage

52

0.25

0.64

1.11

55%

-0.06

3%

26%

Weaver

41

0.05

0.36

0.78

12%

0.14

5%

17%

Fennell

40

-0.95

0.52

0.89

54%

0.01

0%

76%

Scotch

27

1.66

0.94

1.08

69%

-0.03

1%

70%

Gates

39

1.08

0.79

0.85

70%

-0.02

0%

73%

Nadina

34

1.52

0.91

0.85

58%

0.00

0%

97%

Pitt

59

-2.37

0.12

0.78

2%

0.02

0%

72%

Mean

0.51

0.64

0.896

49%

0.014

1.8%

51%

SD

1.09

0.24

0.136

27

0.066

2.2

33

CV

210%

37%

15%

55%

470%

120%

65%
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Table 5. Fitted values and statistics for the Ricker model by CU and a comparison to estimates of b from simulated data with b = 0 (see text).
Pr( > F) and r2 refer to the linear regression used to ﬁt the Ricker model (Equation 1). Time series are the same as in Table 2. The fraction of
simulated values for b that are greater than the observed value are reported for each CU.
CU
Early Stuart

Observed Ricker ﬁts
ea

b (SE)

r2

Pr( > F)

Simulated b
> observed

7.8

2.6 (1.6)

4%

12.1%

11.7%

12.

2.2 (1.0)

8%

3.7%

0.6%

Stellako

14.

9.4 (2.4)

21%

0.0%

0.3%

Bowron

12.

70 (24)

13%

0.6%

1.9%

Late Stuart

Raft

11.

64 (21)

14%

0.0%

1.2%

Quesnel

13.

1.3 (0.4)

17%

0.1%

0.1%

Chilko

15.

3.6 (0.6)

37%

0.0%

0.1%

Seymour

9.4

9.0 (6.2)

4%

14.7%

11.3%

Late Shuswap

7.6

0.24 (0.2)

2%

31.5%

19.3%

Birkenhead

14.

13 (2.6)

29%

0.0%

0.1%

Portage

25.

172 (44)

23%

0.0%

0.1%

Weaver

21.

16 (7.7)

10%

3.9%

3.3%

Fennell

21.

223 (41)

44%

0.0%

0.1%

-9.7 (12)

2%

44.0%

79.0%

50 (31)

6%

11.9%

10.2%

13 (12)

3%

29.6%

21.1%

53 (8.6)

39%

0.0%

0.1%

0.09

9%

Scotch
Gates
Nadina
Pitt
Mean

6.8
13.
8.2
11.
13

17%

SD

5.1

16

0.14

19

CV

39%

85%

144%

200%

CUs, the observed estimate for b was > 10% likely to have
arisen by chance when the true value was zero, but the ﬁts
for these CUs are clearly unreliable based on conventional
regression statistics, e.g., the standard error (SE) for b being
> b/2. As constructed, this simulation test for a spurious
conclusion of density dependence provided no additional information: the same CUs were ﬂagged as unreliable by the
F test for linear regression (Table 5, “Pr( > F)”). CUs with
unreliable estimates for b include Scotch, where the ﬁtted
value of b had the wrong sign, and ﬁve others: Early Stuart,
Seymour, Late Shuswap, Gates, and Nadina.

= 1”). On this basis, we examined synchrony among CUs
in high and low survival years using a parametric approach
(PCA) and a non-parametric approach (ranked years within
CUs) (Fig. 5). The non-parametric analysis showed important events such as high survival for many CUs in brood year
1955 followed by low survival for many CUs in brood years
1957 and 1958; low survival for some CUs in brood years
1979 and 1991, and extremely low survival for all CUs in
brood years 2003 and 2005 (Fig. 5A). Brood year 2006, our
ﬁnal value, was the ﬁrst year when no CU had poor survival
(less than 10th percentile) since brood year 1990 (16 years).
These events were ﬂuctuations within a trend toward poor
survivals that may have started in the 1980s. The parametric
analysis quantiﬁed this pattern: “shared survival,” based on
the annual values for PC-1 of log(R/E) (Fig. 5B) accounted
for 46% of the variance in log(R/E). The long-term trend
(curved line in Fig. 5B, a loess smoother) accounted for 51%
of the variance in PC-1, so that trend was 0.51 × 0.46 = 23%
of the total variance. Most of the short-term variability in
shared survival was due to six “low survival events” that
involved seven years out of 57: brood years 1957-1958 (one
event), 1976, 1979, 1991, 2003, and 2005. A similar analysis used complete time series for all 17 CUs, brood years
1980–2006 (27 years). After a cluster analysis of the time

Shared Survival
The preceding results supported the assumption that
using log(R/S) as the indicator of total survival was valid
because (a) the log transformation corrected the skewed distribution arising from the ratio of two variables measured
with observation error, (b) total survival from a series of
independent random survival events would be expected
to have a lognormal distribution (Peterman 1978), and (c)
density-dependent eﬀects within CUs were measured and
shown to be a small fraction of the total variance (Table 2, r2
= 81% for “17 lines”; r2 = 75% for “17 parallel lines, slope
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Brood Year

Brood Year

Brood Year

Fig. 5. “Shared survival” patterns for Fraser sockeye, based on total survival, log(R/E). A. Synchronous extremes by years among CUs.
Dark areas are 10th percentiles (synchronous highest values) and 90th percentile (synchronous lowest values); light areas are the 20th and
80th percentiles. Positive counts indicate the number of cases of unusually high survival. Negative counts indicate the number of cases of
unusually low survival, i.e., for brood year 2003 (ocean entry 2005), 11/11 CUs had survivals in the lowest 10% of their history. B. The ﬁrst
principal component for 11 CUs across 57 years accounts for 46% of the total variance. The solid thick line is a loess curve that accounts for
51% of PC-1 (so 23% of the total variance). C. For 13 stocks identiﬁed as similar by cluster analysis across 27 years, PC-1 explains 51% of
the variance. Bowron, Raft, Late Shuswap, and Weaver were excluded.

series for survival rates, Bowron, Raft, Late Shuswap, and
Weaver were excluded. The result (Fig. 5C) repeated the
shared survival pattern but added brood 1997 as a low survival event (corroborated by the non-parametric approach)
and de-emphasized the changes for broods 1988 and 1989.

eﬀective parameters. There were fewer eﬀective parameters
than ﬁtted parameters because the lines are constrained to
pass through the origin and to have positive slope, i.e., prior
knowledge was included in the model and competed with
the data. There was a small change in σ but NLL decreased,
indicating a better ﬁt to the data from the additional parameters. In contrast, lppd increased between model 0 and model
1, and the pWAIC increased by 11, so WAIC increased from
436 to 450 (Table 6).

Beverton and Holt Models in Bayesian Regressions
Seven B&H models were applied to predict R from E
by estimating productivity and capacity in diﬀerent ways,
all with the assumption of lognormal residuals. None of our
models invoked an among-CUs eﬀect for capacity.

Model 2. Multi-level Productivity by CU without Capacity
Adding Equation 8 (two new parameters) to the preceding model added a weak constraint: the 17 slopes are from
one normal distribution, the among-CUs distribution. That
description of Fraser-wide productivity had a ﬁtted mean
of 6.7 R/E (95% range 5.8–7.7) and standard deviation of
1.3 (0.6–2.5). The result was a shrinking of the extreme
estimates of productivity by CU from model 1 towards the
among-CUs mean (Table 7, Fig. 6A). The largest changes between these two models were mainly associated with
small CUs: Weaver -17%, Portage -13%, Late Stuart -12%,
Gates -12%, Pitt +7% (Fig. 6A). Shrinkage (change in median productivity estimate) should be a larger eﬀect for CUs
where productivity is less well estimated, and that was veriﬁed in this example: shrinkage was correlated (r2 = 58%)
with the 95% ranges in model 1 (Fig. 6B).
But was model 2, with constrained estimates, better
than model 1? For both models, σ was the same (Table 7).
NLL for model 2 was larger, indicating a worse ﬁt because
prior knowledge was added that competed with the data (the
Pj were described as normally distributed). This competition
was measured by the decrease in eﬀective parameters (pWAIC)
from 13 to 11 despite the increase in ﬁtted parameters from
18 to 20. In contrast to NLL (based on a single value for
each ﬁtted parameter), lppd (based on the distribution of pa-

The Null Model
We started with the simplest stock-recruit model (Equation 6). The “null model” had just two parameters, a line
through the origin, representing productivity across all CUs
after assuming capacity = ∞, and σ to describe residuals. We
anticipated that the estimates for σ, NLL, lppd, and WAIC
would improve in subsequent models. What actually happened is that σ and NLL, which measure how well the model
ﬁts the data, were improved by subsequent models, but precision of ﬁt, lppd, did not improve and so, because the number of eﬀective parameters increased, WAIC was always
larger than for this null model and WAIC increased greatly
for the most complicated models (Table 6). By this criterion,
the null model was the best model. The estimate for productivity was 6.5 R/E (95% range 5.9–7.2), comparable to 6.9
R/E (SD = 3.0) from the among-CUs mean slope of a line
through the origin (Table 3, “Linear”).
Model 1. Productivity by CU without Capacity
Adding another 16 parameters (Equation 7, model 1
in Table 6), so that there was a line through the origin to
predict R within each CU separately, resulted in pWAIC = 13
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Table 6. Statistics of ﬁt for a series of Beverton and Holt models. The data are for brood years 1980-2006 with complete information for all
CUs. Model 0, the null model, estimates σ and one parameter: slope through the origin. Models 0–3 assume no capacity limitation. Model
2 is a multi-level model for productivity. Models 4–6 estimate a capacity for each CU. Models 3, 5, and 6 ﬁt a “virtual habitat factor” by
years (with an among-years multi-level eﬀect) that aﬀects a single value of “maximum possible productivity” applied to all CUs. Model 4 ﬁts
productivity by CU and capacity by CU with an among-CUs model for productivity. Model 6 allows the virtual habitat factor to aﬀect capacity
in all CUs by year. Models 1A–6A repeat the previous models but add a parameter γW that controls the eﬀect of a variance factor for the
relative precision of estimates of returns. “Eﬀective cases” indicates there is less information when some cases are treated as imprecise. The
statistics lppd (log pointwise predictive density) and pWAIC (number of eﬀective parameters) sum to WAIC.
Fitted
parameters

Model

σ

NLL
(Δ)

γW

Eﬀective
cases

lppd
(Δ)

pWAIC

WAIC
(Δ)

Variance factor: none
Model 0. Equation 6.
Fraser-wide productivity. Capacity = ∞.

2

1.10

271 (59)

459

434 (0)

2

436 (0)

Model 1. Equation 7.
Productivity by CU. Capacity = ∞.

18

1.08

238 (27)

459

437 (3)

13

450 (14)

Model 2. Equations 7 and 8.
Productivity by CU. Capacity = ∞.

20

1.08

245 (33)

459

438 (4)

11

449 (13)

Model 3. Equations 9 and 10.
Productivity by year. Capacity = ∞.

30

0.91

225 (13)

459

513 (79)

22

535 (99)

Model 4. Equations 8 and 11.
Productivity by CU. Capacity by CU.

37

1.02

227 (15)

459

457 (23)

17

474 (38)

Model 5. Equations 9 and 12.
Productivity by year. Capacity by CU.

47

0.86

212 (0)

459

532 (98)

29

561 (125)

Model 6. Equations 9 and 14.
Productivity and capacity by year.

48

0.84

213 (1)

459

540 (106)

27

567 (131)

Variance factor: relative precision of return estimates as % spawners by run
Model 0A. Equation 6 with γW.
Fraser-wide productivity. Capacity = ∞.

3

1.05

276 (72)

0.018

440

433 (0)

3

436 (0)

Model 1A. Equation 7 with γW.
Productivity by CU. Capacity = ∞.

19

1.03

247 (43)

0.017

440

435 (2)

16

451 (15)

Model 2A. Equations 7 and 8 with γW.
Productivity by CU. Capacity = ∞.

21

1.02

250 (46)

0.020

437

437 (4)

12

449 (13)

Model 3A. Equations 9 and 10 with γW.
Productivity by year. Capacity = ∞.

31

0.82

227 (23)

0.041

416

514 (81)

22

537 (101)

Model 4A. Equations 8 and 11 with γW.
Productivity by CU. Capacity by CU.

38

0.96

231 (27)

0.026

431

457 (24)

18

475 (39)

Model 5A. Equations 9 and 12 with γW.
Productivity by year. Capacity by CU.

48

0.76

213 (9)

0.047

411

534 (101)

30

564 (128)

Model 6A. Equations 9 and 14 with γW.
Productivity and capacity by year.

49

0.73

204 (0)

0.054

404

544 (111)

31

575 (139)

rameter estimates) did not increase appreciably because the
posterior joint distribution was less variable: the 95% ranges
for model 2 were smaller than for model 1 (Table 7) (median = -16%, MAD = 3, calculations not shown). In terms
of predictive accuracy, the change in eﬀective parameters
resulted in WAIC for model 2 being slightly smaller than for
model 1. In summary, the within-data ﬁt (σ and lppd) was
nearly the same for both models, but the predictive accuracy
(WAIC) was better for model 2, by a small amount, because
we added a small amount of knowledge.

2, 3, especially 5, and 7), we modeled productivity by years
instead of by CUs (Equations 9 and 10). That increased the
number of ﬁtted parameters to 30, which decreased σ and
NLL, but a large increase in lppd (overall less precision for
ﬁt) resulted in greatly reduced predictive accuracy (WAIC)
from productivity by years compared to productivity by
CUs. The estimated productivity in the best year was 13.9
R/E (95% range = 11–18), but was modiﬁed in each year by
the virtual habitat factor, Ht, that ranged from 0.08 (brood
year 2005) to 0.81 (brood year 1989). The habitat factors
were constrained between 0 and 1 by imposing a beta distribution with a ﬁtted mode at 0.56 (50% range = 0.45–0.70),
so the modal (most common) productivity was 0.56 × 13.9 =
7.8 R/E. The mean productivity was slightly lower, 7.4 R/E.

Model 3. Multi-level Productivity by Year without Capacity
Because productivity varied by a small amount among
CUs in comparison to how much it varied among years (Figs.
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with the 97.5th percentile more than 20 times the median estimate (median = 23.5, MAD = 17.9, max = 79 for Fennel).
Because of the extreme skew in the distributions for capacity estimates, the mean and standard deviation were inadequate descriptions: susceptible to extreme samples and much
greater than the median and MAD. In comparison to capacity estimates, productivity estimates were uniform, symmetric, and well-determined. The Fraser-wide mean productivity (at the among-CUs level), μP, was 8.3 R/E (95% range
= 7.2–9.9), and the Fraser-wide standard deviation, σP, was
1.6 (0.39–3.2), a CV of 19%, but MAD/median for the 17
individual median estimates of productivity was 0.828/8.4
(Table 8), so the observed and robust CV for productivity
across CUs was 9%, only half as large. Productivity estimates by CU ranged from 6.7 R/E for Early Stuart (95%
range = 4.2–9.6) to 10 for Weaver (7.7–14). Based on this
model, accepting a single productivity value to represent the
productivity of every CU would, on average, be accurate to
between 9% and 19% as the estimate for a CU.

Table 7. A comparison of productivity estimates for 17 CUs of
Fraser sockeye calculated with and without a multi-level regression
model (see Figure 6). These are models 1 and 2 in Table 6
(Equations 7 and 8). NLL (negative log likelihood) and σ (standard
deviation of log-normal residuals) are measures of ﬁt at one point
in parameter space (the best ﬁt). The statistic lppd is a measure
of precision of ﬁt over the joint probability distribution of parameter
estimates (not just at the “best ﬁt” estimate of parameters). Prior
constraints including multi-level eﬀects reduce the number of
eﬀective parameters, measured as pWAIC. WAIC is an estimate of
predictive accuracy that considers overﬁtting (lppd + pWAIC).
Comparison

Statistic

Medians
(among CUs)

median

95% Ranges
(among CUs)

Fit

Productivity
by CU,
model 1
6.9

Multilevel
productivity,
model 2
6.4

MAD

1.2

0.77

range

4.1–10.3

4.5–8.7

4.7

3.8

median
MAD

0.32

0.24

range

3.4–5.4

3.6–5.3

σ

1.08

1.08

NLL

240

245

Precision of ﬁt,
lppd

437

438

Fitted Parameters

18

20

Eﬀective
Parameters, pWAIC

13

11

WAIC, lppd +
pWAIC

450

449

Model 5. Multi-level Productivity by Years but Capacity by CU
This model implemented productivity by year from model 3, while still estimating capacity separately for each CU as
in model 4. Model 5 extracted a time series for a virtual habitat factor, Ht, distributed as beta(2, 1/BH). The frequency distribution for Ht was domed at a higher mode, BH = 0.65 (50%
range = 0.53–0.78). Compared to model 4, this approach to
productivity estimates added 10 more parameters and produced a substantial improvement in σ (from 1.02 to 0.86) and
NLL (from 227 to 212) but at the continued cost of deteriorating precision of ﬁt and predictive accuracy: lppd increased
from 457 to 532 and WAIC increased from 474 to 561 (Table
6). Our interpretation was that model 5 represented severe
over-ﬁtting compared to models 1–4 that already had less predictive accuracy than the null model. On the other hand, the
shared survival (Fig. 5B) indicated Ht would capture roughly
half of the variance in log(R/E), and in fact shared survival
was highly correlated with Ht (r2 = 89%, n = 27, neﬀective = 10,
Pr(t8 > 14.5) < 0.001). One reason for the increase in lppd
was that this model ignored the fact that some CUs deviate
from the pattern indicated by Ht. The estimate for Fraser-wide
productivity in a theoretical best year was 16 R/E (95% range
= 13–20) and median estimates for Ht ranged by a factor of
ten, from < 0.08 (brood years 2003 and 2005) to 0.84 (brood
year 1989), so productivity in the best observed year was 13.6,
close to Pmax. The most frequent productivity is Pmax / BH =
10.3 R/E, higher than the preceding models because model 5
identiﬁed an eﬀect from years with poor habitat.
Capacity estimates reacted weakly (Fig. 8) to the change
from productivity by CU to productivity by year, increasing slightly overall but results were variable (median 16%,
MAD = 47) and the capacity estimates were highly correlated with those of model 2 (r2 = 92%, or, excluding Late
Shuswap which had the largest capacity estimates, 78%).
The 95% range for capacity estimates changed erratically by
50% (median change = 3%, MAD =53).

Model 4. Multi-level Productivity by CU and Capacity by CU
Estimating the initial productivity and asymptotic capacity for each CU based on Equation 7 required 37 parameters and produced a set of conventional B&H stock-recruit
curves that are nearly independent, apart from the amongCUs multi-level eﬀect on productivity (Table 8). Compared
to model 2 (capacity = ∞ ), NLL and σ declined with 17
additional parameters, but the eﬀective number of parameters, pWAIC, only increased by 6, suggesting that adding prior
knowledge about capacity estimates (a half-Cauchy(0, 3)
prior distribution) constrained both capacity and productivity estimates. Productivity estimates were higher (median
= 136%, MAD = 48) with the introduction of a capacity parameter (Table 8, Fig. 7), and less precise (increase in 50%
range: median = 47%, MAD = 40; increase in 95% range:
155%, MAD = 107). This imprecision in the estimates contributed to lppd, which increased from 438 in model 2 to 457
in model 4. With less precision to the ﬁt and yet more effective parameters, WAIC increased greatly when capacities
were included in the model (Table 6).
The median estimates by CU for capacity (Table 8)
ranged from 0.09 million returns for Pitt (95% range = 0.05–
0.29) to 13 for Late Shuswap (3.9–176). The distributions
for the capacity estimates were wide: the 50% range was
170% of the median among CUs (MAD = 95), and skewed,
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Productivity by CU

95% Range, Model 0

Fig. 6. A comparison of productivity estimates from models 1 and 2 in Table 6; statistics of ﬁt are in Table 7. A. Dots are the median
estimates for productivity. Horizontal and vertical lines are the 95% ranges. The diagonal line is 1:1. B. The diﬀerence in median estimates
of productivity, “shrinkage,” was greater for relatively imprecise productivity estimates, as indicated by the width of 95% range (horizontal
lines in plot A). The median change in productivity was -6.1% (MAD = 4.7), with the large changes for Weaver (-16%), Portage (-13%),
Gates (-12%), and Late Stuart (-11%); Pitt increased (+8%). The 95% ranges for productivity also decreased (median = -15.5%, MAD =
3.6).

Model 6. Multi-level Productivity and Capacity by Years
The last model in this series is similar to model 5, but allowed Ht to aﬀect capacity, so the eﬀective capacity changed
each year in parallel with changes in productivity. The regression was set up so that the eﬀect of Ht on capacity could
be weak or strong according to a ﬁtted parameter γH. Upon
ﬁtting, the estimate for γH indicated the strongest possible
eﬀect (γH = 0.985, 95% range = 0.66–1.00). The capacity estimates in model 6 (Fig. 8; see similar estimates from
model 6A in Table 9) were, therefore, a theoretical maximum capacity for each CU, given the data applied, similar
to the theoretical maximum productivity in models 3 and 5.
Capacities in model 6 were only slightly higher (median=
8%, MAD = 0.15) than capacities in model 5, but that was
accompanied by a change in BH so that the mode for Ht was
0.84 instead of 0.65 (less diﬀerence between the best years
and the typical years). Model 6 optimized Ht for the annual
capacities (within a maximum for each CU) as well as the
annual productivities (within one maximum for all CUs),
and the result was a linear increase in Ht between the model
6 and model 5 (r2 =0.99, median = 16%, MAD = 6), implying
there was little information about Ht from capacity that was
not previously obtained from productivity. Despite these interesting diﬀerences, model 6 did not ﬁt the data better than
model 5, and predictive accuracy was worse (Table 6).

Eﬀect of a Variance Factor for Precision of Returns
Comparing the regression statistics of models 0–6 to
models 0A–6A (Table 6) showed that the eﬀect of variance factor Wtj was larger in models where the residual
variance (NLL and σ) was lower, with an increase from
γW = 0.018 (only values of Wtj < 0.002 would increase σ
by > 10%) to γW = 0.054 (Wtj < 0.17 had > 10% eﬀect).
This indicates that precision of the data becomes more important as the overall precision of ﬁt improves. For model 6A, 25% of the observations were down-weighted by
more than 20%. The number of eﬀective cases changed
by 55 (from 459 in model 6 to 404 in model 6A), a 12%
loss of presumed information. Down-weighting estimates
of returns always reduced σ, up to 13% (models 6 and
6A) because σ now represents the most precise cases. The
changes to productivity estimates between models 0 and
0A, and between models 1 and lA, were negligible. The
typically small parameter changes from applying Wtj to the
more complicated but over-ﬁtted models (Table 9) were
diﬃcult to distinguish from yet more over-ﬁtting. Precision of ﬁt, lppd, was similar between pairs of models with
and without the variance factor (e.g., Table 6 models 4 and
4A, 5 and 5A).
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Table 8. A Beverton and Holt model (Equations 8 and 11) ﬁtted to 17 CUs of Fraser sockeye for years 1980–2006, 459 cases, and 37
parameters. See model 4 in Table 6 for statistics of ﬁt. The marginal distributions for 8,000 Monte Carlo samples from the posterior joint
distribution of parameter estimates are summarized as percentiles.
Parameter

2.5%

25%

50%

75%

97.5%

μP

7.2

7.9

8.3

8.8

9.9

4.2

5.8

6.7

7.7

9.6

Parameter

2.5%

25%

50%

75%

97.5%

6.1

7.8

8.7

9.9

13.

9.9

12.

Productivity
Early Stuart
Late Stuart

7.1

8.5

9.4

Stellako

6.1

7.7

8.6

Bowron

5.7

7.2

Raft

5.8

7.2

14.

Portage

6.9

8.2

9.7

13.

Weaver

7.7

9.0

8.0

8.9

12.

Fennell

4.6

6.4

7.4

8.5

11.

8.0

8.8

11.

Scotch

6.9

7.4

8.1

8.8

11.

Quesnel

6.2

7.7

8.5

Chilko

6.5

8.1

9.1

11.

Birkenhead

9.4
10.

9.0
10.

11.

14.

12.

Gates

6.5

7.8

8.6

9.4

11.

14.

Nadina

5.5

7.0

7.8

8.5

10.

Pitt

12.

Seymour

5.0

6.4

7.3

8.0

Late Shuswap

5.5

6.9

7.7

8.5

10.

9.6

5.2

7.5

8.4

9.5

σP

0.39

1.1

1.6

2.1

Early Stuart

0.47

1.2

2.4

5.0

48.

Late Stuart

0.85

1.7

2.5

4.0

Birkenhead

0.31

0.51

0.69

1.0

17.

Portage

0.14

0.95

2.5

6.0

3.2

Capacity

Stellako

0.51

0.92

1.4

2.4

11.

Weaver

0.87

2.5

4.7

Bowron

0.03

0.17

1.2

4.0

44.

Fennell

0.04

0.09

0.43

10.

3.4
59.
132.

2.8

34.

Raft

0.08

0.41

1.4

4.2

41.

Scotch

0.61

2.1

4.4

9.8

101.

Quesnel

2.1

3.8

5.3

7.8

22.

Gates

0.26

1.3

3.2

7.6

112.

Nadina

0.25

1.1

2.5

6.0

61.

Pitt

0.05

0.07

0.09

0.12

Chilko

1.5

2.3

3.0

4.03

Seymour

0.48

1.5

3.1

7.1

Late Shuswap

3.9

8.2

13.

26.

9.9
84.

0.29

176.

Stock-recruit Diagrams

DISCUSSION

Because the productivity and capacity parameters varied by year, and because some cases were down-weighted,
graphical presentation of the information from our models
(e.g., Table 9) required stock-recruit diagrams that displayed
more than the data and a curve for the average year (Fig. 9).
Each ﬁtted value was based on a Fraser-wide estimate of
maximum productivity that varied each year (a virtual habitat eﬀect), plus a CU-speciﬁc estimate of capacity that also
varied each year (Equation 9). There is a separate stock-recruit curve for each year and CU in our model, but rather
than show 27 curves for each CU, in Fig. 9 we made the association explicit between pairs of observed and predicted
values, and displayed only the curves for the highest, lowest,
and median values of productivity and capacity. These high,
median, and low values are the eﬀect of the estimated annual values for the virtual habitat factor, Ht. Points that were
strongly down-weighted (that moved more than 5% of the
range in Rj) were indicated by arrows that showed the change
from the observed but imprecise residual to an imaginary residual with the same probability but observed with the best
precision.

Various analytical approaches were applied to predict
adult returns from spawner abundance in 17 CUs of Fraser
sockeye. Temporal patterns in survival rate, log(R/E), were
similar among CUs with nearly half of the variance in survival rate accounted for by the ﬁrst (linear) principal component (Fig. 5B). The strength of this “shared survival” eﬀect
is remarkable given the wide variety of freshwater habitats,
large diﬀerences in freshwater migratory distances, and
variation in migration timing of CUs entering the Strait of
Georgia (J. Tadey, Joe.Tadey@dfo-mpo.gc.ca, pers. comm.),
leaving the Strait of Georgia (C. Neville, Chrys.Neville@
dfo.mpo.gc.ca, pers. comm.), and traversing the continental
shelf (Tucker et al. 2009). A few “low survival events” account for much of the synchrony across CUs, giving strength
to the shared survival signal. With only six such events in
nearly six decades of data, searching for an infrequent but
consistent oceanographic or climatic phenomenon behind
these events seems warranted. Alternatively, these low survival events may represent desperate failures from various
causes among various habitats.
Estimates of log(R) from log(E) were described well
(r2 = 73%) by a single value for productivity applied to all
CUs with no consideration of density-dependent survival
380

Stock-recruit analyses of Fraser River sockeye

NPAFC Bulletin No. 6

Fig. 7. Productivity estimates from models 1–6 (no variance factor) and 1A–6A (variance factor) (Table 6). Dots are the median estimate; the
dark grey, inner regions contain 50% of HMC posterior samples; the light grey, outer regions contain 95%. The 17 conservation units (CUs)
are ordered as in Table 1. For models 1, 2, and 4, productivity is ﬁtted by CU. For models 3, 5, 6, 3A, 5A, and 6A, productivity is ﬁtted as a
“habitat eﬀect” for each year (Ht, between 0 and 1) that modiﬁes a maximum productivity, Pmax, that is the same for all CUs.

spawner enumeration eﬀort on large abundant CUs (Grant et
al. 2011); and/or (3) a compensatory increase in productivity
per spawner at extremely low spawner abundance. Given
the limitations of compositional analysis faced with small
proportions (< 1%), we do not believe this is a compensatory
eﬀect. In general, the abundance of Fraser sockeye has little
apparent eﬀect on their survival and/or is largely obscured
by scatter from environmental and measurement variance.
To a large extent, ignoring temporal patterns, the stock-recruit relationship for Fraser sockeye is a single number, 8.7
adult (age 4) returns per eﬀective female spawner, based on
nothing more than log(R/E).
Simulated values of log(R) at observed values of log(E)
generally did not exceed the large estimates for the Ricker
model parameter b observed when the Ricker model was ﬁtted to each CU. As previously noted by McKinnell (2008),
some large values for a and b were associated with small r2
values when predicting R from E (Fig. 4). The Ricker model outperformed a linear-through-origin model for only four
CUs (Quesnel, Seymour, Raft, and Nadina). Examining the
proportion of variance explained by these Ricker ﬁts (Tables
3 and 5) indicated that attempts to manage Fraser sockeye

(Fig. 3A, Table 2). Allowing productivity to diﬀer by CUs,
without density dependence, yielded little improvement (see
small scatter in Fig. 3D). The r2 increased to 75% (Table
2, model “17 parallel lines, slope = 1”). Adding 33 more
parameters, or even 50, so productivity and capacity both
varied by CU, increased r2 to 81% and produced the best
AIC value, but at the expense of implausible stock-recruit
curves for several CUs (over-ﬁtting). Overall, the evidence
of capacity limitation was weak, similar to the conclusion of
Adkison et al. (1996).
For the pooled data (all CUs combined), deviation from
a line with slope = 1 (no eﬀect of density on total survival)
appeared only at extremely low spawner abundances when
returns were higher than expected (Fig. 3B), and not at high
spawner abundances. This curvature at the lowest values of
E could be the result of: (1) overestimates of R at low R due
to sampling limitations and errors in CU identiﬁcation (Millar 1987; Wood et al. 1987; Mulligan et al. 1988; Brodsiak
et al. 1992; Gable and Cox-Rogers 1993; Waldman and Fabrizio 1994; Ricker 1997; Fabrizio 2005); (2) underestimates
of E at low E, possibly associated with inadequate visual
counts when spawners are uncommon, the result of focusing
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dence (capacity) would emerge from a more sophisticated
treatment of the data: multi-level productivity, an explicit
formula for capacity, annual habitat eﬀects, and weights for
precision of returns.
We tested seven Bayesian regression models that predicted R from E by estimating productivity and capacity
in diﬀerent ways (Table 6). Three levels of pooling were
applied to the productivity estimates for 17 CUs of Fraser
sockeye: (1) complete pooling, where CUs were ignored and
each data point was treated as an independent observation
from a Fraser-wide system (Equation 6, model 0); (2) no
pooling, where each CU was treated independently (Equation 7, model 1); and (3) partial pooling, using a multi-level
model that estimated productivity among CUs and within
each CU simultaneously (Equations 7 and 8, model 2).
The simplest model, model 0, with only two parameters (σ and the slope for a line through the origin) had the
best predictive accuracy (lowest WAIC). More complicated models ﬁt the data better (NLL, σ), but models with as
many as 20 parameters did not increase the precision of ﬁt
(lppd) and the correction for overﬁtting (pWAIC) reduced
the predictive accuracy. Models with 30 or more parameters
(but substantially fewer eﬀective parameters) suﬀered from
decreased precision of ﬁt as well as potential over-ﬁtting.
Model 3 estimated productivity by years in a multi-level
model instead of by CUs, and while σ and NLL improved,
the precision of ﬁt was much worse (lppd increased) which,
with another 11 eﬀective parameters, greatly increased
WAIC. Model 4 was similar to a conventional B&H model for each CU and produced median estimates for capacity that were often much larger than maximum observations
for R in each CU, suggesting that many CUs are producing
fewer returns than possible. Our interpretation of these results (e.g., Fig. 9) is that the capacity parameter for Fraser
sockeye is typically indeterminate, as opposed to limiting.
This result corresponds to the log-log regressions where curvature was not helpful, indicating little or no feedback from
capacity, and corresponds to the typically low r2 values for
Ricker curves where several estimates for b could not be distinguished from zero.
To accumulate enough observations of returns from
high levels of spawners to change this pattern would require
decades, but there is another approach that assumes rearing
lakes are the habitat that limits capacity. Thus Bodtker et al.
(2007) and Grant et al. (2011) used data from Fraser sockeye
rearing lakes (Hume et al. 1996; Shortreed et al. 2001) to
provide informative priors for capacity estimates. The concept of capacity, for speciﬁc habitats encountered by Fraser
sockeye throughout their life history, can be extended from
rearing lakes to spawning and ocean habitats (Kaeriyama et
al. 2009; Ruggerone and Connors 2015).
The area and/or quality of any Fraser sockeye habitat
will diﬀer among years, making it harder to discern density-dependent eﬀects from density-independent eﬀects (productivity) based solely on survival data. We explored annual
eﬀects in models 3, 5 and 6 (Table 6). Model 5 estimat-

Fig. 8. Capacity estimates (log10 scale) by CU from models 4–6 (4A
–6A) in Table 6, showing the 50% range of estimates (dark grey)
and the 95% range (light grey) without and with variance factors.
The 17 conservation units (CUs) are ordered as in Table 1.

by using separately ﬁtted Ricker curves for each CU will, in
general, face the combined eﬀect of low explanatory power
and bias. This simulation test for spurious estimates of b
might be improved by future work that considers: (1) a more
complete description of the variance in both returns and
EFS, including autocorrelation and lagged covariance, (2)
evidence that productivity varies by CUs (the CV for Ricker
model productivity is 39%, Table 5), (3) further eﬀorts to
down-weight imprecise returns, which leads to (4) the eﬀect
of implausibly high values for R/E at very low E (Fig. 3A;
Ricker 1997), i.e., rejecting our assumption of homogenous
variance.
We pursued estimates of capacity for each CU, despite
evidence that productivity is nearly constant between high
and low values of spawner abundance (Table 2, Fig. 3), and
despite observing that a Ricker curve was substantially better than ordinary linear regression in only 4/17 cases (Table
3). We did this partly because 11/17 observed estimates for
Ricker’s b exceeded 95% of the simulated estimates for b in
our test for spurious values of b (Table 5), but also because
we hoped that more deﬁnitive evidence for density depen382
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Table 9. Parameter estimates from a Beverton-Holt model with a capacity estimate Cj for each of 17 CUs and a single estimate of maximum
productivity, Pmax, applied to all CUs. A virtual habitat time series, Ht, aﬀects productivity and capacity in each of 27 years. A ﬁtted variance
factor, γW downweights return estimates suspected to be imprecise. This is model 6A in Table 6. See Figs. 7 and 8.
Parameter

2.5%

25%

50%

75%

Early Stuart

0.72

1.2

1.6

2.2

97.5%

Parameter

2.5%

25%

50%

75%

97.5%

Maximum capacity estimates
5.2

Late Shuswap

9.7

17.

26.

40.

Late Stuart

2.2

3.8

5.4

8.2

27.

Birkenhead

0.66

0.99

1.3

1.7

Stellako

1.2

1.9

2.6

3.8

11.

Portage

0.40

1.5

3.3

7.9

Bowron

0.058

0.12

0.24

1.1

18.

Weaver

2.00

4.7

8.6

Raft

0.20

0.66

Quesnel

5.8

9.6

1.6

Chilko

3.40

5.0

6.4

Seymour

0.78

1.8

3.0

13.

4.0

20.

3.1
92.
190.

39.

Fennell

0.064

0.11

0.15

43.

Scotch

0.94

2.80

5.4

8.4

17.

Gates

0.52

1.80

3.5

8.1

79.

6.1

46.

Nadina

0.47

1.40

2.7

5.9

52.

Pitt

0.10

0.15

0.19

0.24

18.

0.24

190.

13.

2.9
140.

0.40

Maximum productivity estimate
Pmax

13.1

14.7

15.7

17.

19.7
Virtual habitat estimates

BH

1.02

1.21

1.43

1.74

2.51

0.79

0.97

0.99

1.00

1.00

1980

0.55

0.71

0.80

0.89

0.98

1994

0.38

0.52

0.60

0.70

0.90

1981

0.43

0.58

0.67

0.77

0.94

1995

0.30

0.40

0.47

0.55

0.74

1982

0.49

0.65

0.75

0.85

0.97

1996

0.44

0.59

0.68

0.78

0.95

1983

0.57

0.73

0.82

0.90

0.98

1997

0.23

0.32

0.37

0.43

0.58

1984

0.53

0.69

0.78

0.87

0.98

1998

0.28

0.37

0.44

0.51

0.67

1985

0.57

0.73

0.82

0.90

0.99

1999

0.34

0.45

0.53

0.61

0.80

1986

0.55

0.71

0.81

0.89

0.98

2000

0.33

0.44

0.51

0.60

0.79

1987

0.53

0.69

0.79

0.87

0.98

2001

0.29

0.38

0.45

0.53

0.69

1988

0.43

0.56

0.65

0.75

0.93

2002

0.24

0.33

0.39

0.46

0.62

1989

0.66

0.82

0.89

0.94

0.99

2003

0.06

0.08

0.09

0.11

0.14

1990

0.32

0.43

0.51

0.59

0.78

2004

0.28

0.38

0.45

0.52

0.69

1991

0.16

0.22

0.25

0.29

0.39

2005

0.05

0.07

0.09

0.10

0.13

1992

0.46

0.62

0.71

0.81

0.96

2006

0.54

0.70

0.80

0.88

0.98

1993

0.53

0.70

0.79

0.88

0.98

σ

0.64

0.70

0.73

0.77

0.83

γW

0.01

0.04

0.05

0.07

0.10

γH

Lognormal residuals

ed productivity by year and capacity by CU. Compared to
model 4 (productivity by CU), adding ten parameters improved σ and NLL but the precision of ﬁt (lppd) was much
worse and with 47 parameters, despite constraints that resulted in 29 eﬀective parameters (pWAIC), WAIC increased by
a large amount. Model 6 explored the idea that capacity
and productivity could vary in parallel among years. The
parameter that controlled this eﬀect (γH, Equation 13) had a
ﬁtted value that was close to 1.0. This provided support for
the idea that capacity varies with productivity, however this
was introduced in models where over-ﬁtting was evident and
this modiﬁcation did not improve the regression statistics

compared to model 5. The idea behind model 6 stems from
the original “simplest hypothesis” for population dynamics,
when Verhulst (1838) determined
2

𝑎𝑁−𝑏𝑁 ) 𝑑𝑡 =
∫(

𝑎 𝑁0 𝑒𝑎𝑡
,
𝑏 𝑁0 𝑒𝑎𝑡 + 𝑎 − 𝑏𝑁0

where a is the density-independent mortality rate (“productivity” for negative mortality rates), b is the density-dependent mortality rate, and N0 is the initial population
abundance or density. As t → ∞ then Nt → a/b so capacity
383

Fig. 9. Results from a multi-level regression model ﬁtted to 27 brood years for 17 Fraser sockeye CUs (model 4A in Table 6; see parameters in Table 9). Black dots are R/S data, circles are
what the model ﬁtted. Each year has a diﬀerent stock-recruit curve so data (dots) and ﬁtted values (circles) in each year are joined by a grey line. The curves are the highest, median, and
lowest years for productivity and capacity. The down-weighting eﬀect from considering relative precision of returns estimates (using proportion of spawners by run) is indicated by an arrow
for cases where that eﬀect was large, > 5% of the maximum return. The arrowhead represents where an observed but down-weighted return would be if measured with the best precision and
with the higher probability assigned by down-weighting; it would therefore be closer to the ﬁtted value (i.e., not down-weighted but same leverage).
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(Verhulst’s “la limite supériere de la population”) is a linear
function of productivity. From the 20th century rediscoveries
of Verhulst’s model (Lotka 1925; Volterra 1926),

outliers; these are indicated by arrows in Fig. 9. Many cases
that were not outliers were down-weighted, for example in
the Scotch CU, 17 out of 27 years were down-weighted by
more than 33%. Because only a few cases with large values
of E control the capacity estimates for each CU (see Figs. 2
and 9), down-weighting a single case can have a large eﬀect.
When E is relatively close to zero, down-weighting has a
small eﬀect because the ﬁtted curve must go through (0, 0).
The WAIC ranking of models was the same with and
without the variance factor (models 0, 2, 1, 4, 3, 5, 6; Δ WAIC,
Table 6). Overall, the variance factor did not improve the results to an useful extent (Table 6), possibly because: (a) our
variance factor was an overly-simpliﬁed description of the
relative precision of returns; (b) there was suﬃcient observation error at low estimates of EFS that the proportion of EFS
in a run was a poor indicator of proportion of returns in a run;
(c) the ﬁts before applying a variance factor were so imprecise that small changes to the probability of speciﬁc residuals
had little eﬀect (for a lognormal distribution of residuals with
σ = 0.91 (Table 6, model 3) and μ = log(1), the 50% range is
0.54–1.8 and the 95% range is 0.17–6.0); and (d) few of the
points that were down-weighted were important outliers with
a large eﬀect on parameter estimates (Fig. 9), reﬂecting that
data points where E is relatively small have little eﬀect in a
stock-recruit curve.
For a similar model applied to just the Chilko CU (Akenhead et al. 2016), the variance factor based on proportion
of spawners had a stronger eﬀect γW = 0.26 (50% range =
0.20–0.32), nearly ﬁve times the Fraser-wide estimate in this
study, γW = 0.054 (50% range = 0.039–0.069; Table 6, model
6A). As in this study, they noted how a variance factor was
more eﬀective when the residual variance was reduced by
other means such as separation of life stages or including
covariates. One possible explanation for the diﬀerence in
γW is that the Chilko CU was unique in having large estimates of returns in years when the Chilko CU contributed a
small fraction of its run of co-migrating CUs. That means
that the variance factor aﬀected high-leverage points in the
Chilko case, but that was generally not the case for the other
Fraser sockeye CUs, so the ﬁtted value for γW in this study
was lower. Alternatively, there are so many cases, among
all CUs, where the returns were a small fraction of a run that
a low value for γW was suﬃcient to aﬀect many cases. Not
including Early Stuart (the only CU in the Early Stuart run),
11% of EFS observations were < 1% of their run and, σ, the
lognormal standard deviation was increased by > 28% of all
of those cases. In seven cases, fraction of run was < 0.1%
and σ increased by > 45%. The 1989 brood year was an
extreme outlier for the Chilko CU and a small proportion of
the 1989 summer run, 3.2% (Akenhead et al. 2016). For this
case (Chilko CU, brood 1989), σ was increased by 0.0320.054
= 20% in our Fraser-wide study, but σ was increased by
0.032-0.26 = 144% in the Chilko-only study.
Our approach to the relative precision of estimates of
returns showed that data quality can be addressed within a
stock-recruit model, but our results were inconclusive be-

𝑁
𝑑𝑁
= 𝑟𝑁 (1 െ ) = 𝑎𝑁 െ 𝑏𝑁 2 ,
𝐾
𝑑𝑡
where r is productivity and K is capacity, the parameter b is
equivalent to r/K so K = a/b and again capacity is a function
of productivity. Capacity for a stock-recruit curve is a function of productivity in the derivations by Beverton and Holt
(1957, p. 32) and Walters and Korman (1999, their Equation11):

𝑏
𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦 = (1 െ 𝑒െ𝑎𝑡 ) .
𝑎
Because capacity is not a strong eﬀect in these data, we could
not examine the utility of model 6 in a satisfactory manner.
The relationship of smolts to spawners in the Chilko CU
does show a clear eﬀect from capacity after accounting for
the eﬀect of a spawning channel, and provides further empirical evidence that capacity and productivity are not independent (Akenhead et al. 2016).
Variance Factor
Due to varying sample sizes and observation methods
among years, not all data in a stock-recruit time series will
have been estimated with the same precision (Ogden et al.
2015). We should heed the warning by Ricker (1997, his
Appendix 2) regarding errors in catch allocation when returns to a CU are a small fraction of a run timing group,
“When a Ricker curve is ﬁtted by [log(R/E) vs. E] the value
of b… can be estimated as at least 5–50 times its true value, so that both the maximum number of recruits … and the
parent stock that produces them … will be grossly underestimated. ... all the estimates of a and b for small lines returns
compared, if made by this method, are of little value.” In
this quote, “small lines” refers to non-dominant year returns
within the four-year cyclic abundance that characterizes
some Fraser sockeye CUs. To pursue this idea, we assumed
that the precision of estimates for R was smaller than usual
when the proportion of spawners in a run (Wtj) was small,
and that the expected scatter of residuals in imprecise cases
would be larger than for more precise cases. In our B&H
models, the residuals are lognormally distributed because R
cannot be a negative number. The nature and strength of the
eﬀect of Wtj on σ was estimated by the parameter γW. When
γW is close to zero, only values of Wtj that are close to zero
have an eﬀect. Our ﬁnal value of γW = 0.054 increased σ by
more than 29% for 10% of the cases and by more than 47%
for 1% of the cases. The eﬀect of weighting on a regression
depends on the leverage of each point that is down-weighted. Only a few cases were both strongly down-weighted and
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Ruggerone 2016). The inﬂuence of marine conditions on
Fraser sockeye survival is widely recognized (Mantua et
al. 1997; Peterman et al. 2010; Peterman and Dorner 2012;
McKinnell et al. 2014) but studies examining growth versus
salmon abundance (Bigler et al. 1996; Pyper and Peterman
1999; Jeﬀrey et al. 2016) suggest there may also be a limitation to high-seas capacity for salmon. Friedland (1998)
concluded that a signiﬁcant proportion of variation in North
American Atlantic salmon recruitment is driven by marine
winter habitat area inﬂuencing intraspeciﬁc competition for
space and food resources and on predation of post-smolts.
More attention to marine (Chen and Irvine 2001; Beamish et al. 2004) and freshwater (Akenhead et al. 2016),
habitat indicators is warranted—absence of evidence is
not evidence of absence when discussing habitat eﬀects on
salmon survival. The examination of habitat quality indicators for freshwater and marine habitats requires a search
for covariates within stock-recruit models that improve outof-data prediction accuracy (e.g., WAIC) using models that
consider lags, interactions, optima, and thresholds, and that
consider the precision of each data point. Insight into the
nature of environmental covariates was provided by Ye et
al. (2015), wherein, for the Seymour CU of Fraser sockeye,
“ocean temperatures have a stronger eﬀect on recruitment
when spawner abundance is low,” an indication that interaction terms are important. Fishery biologists would beneﬁt
from discovering the mechanisms whereby such interactions
cause poor survival, such as (high sockeye abundance) ×
(low food production) or (low sockeye abundance) × (high
predator abundance) instead of parameterizing these interactions as heterogeneous variance or as lognormal residuals. Explaining why variability in returns increases at high
spawner abundance is more valuable than describing it as
a lognormal variance model because that down-weights
scarce and important cases of high escapement that strongly
aﬀect estimates for habitat capacity as opposed to opening
possibilities to predict those important events.

cause the variance factor was only important when WAIC
indicated overﬁtting. We believe this approach can be improved with factors that describe the relative precision of
returns better, and by including factors that describe the relative precision of estimates of spawners, catch, and the age
compositions of returns as recently estimated for sockeye,
pink, and chum salmon in BC (Ogden et al. 2015). Diﬀerent enumeration methods for spawners were used among
Fraser sockeye CUs, and among years within CUs, e.g.,
visual surveys, mark-recapture surveys, and hydroacoustic
approaches. Because methods have diﬀered among spawning sites within a year for some Fraser sockeye CUs (Grant
et al. 2011), determining a variance factor for spawners
will often not be simple.
Capacity
In some CUs, spawner abundances appear to be far below capacity, while in other cases capacity eﬀects may be
hidden. Based on model 4 (parameter estimates in Table
8, ﬁt statistics in Table 6) for six CUs, the upper 50% range
for capacity was more than 10 times the maximum return
(Nadina, Portage, Fennel, Raft, Gates, Bowron), and without
more information we conclude that these CUs are probably
below levels of E where capacity had a strong eﬀect. Late
Shuswap has the largest returns of sockeye salmon in the
Fraser River watershed. For brood 2006 of Late Shuswap,
R = 17.5×106 from E = 1.2×106. The median capacity estimate for Late Shuswap was 13.5×106 returns (50% range =
8.2–25.8), but the 95% range of HMC samples extends to an
implausible 176 ×106 returns. On the other hand, model 4
illustrated that the upper 95% range for the capacity estimate
was less than ﬁve times the maximum return for ﬁve CUs
(Table 8: Quesnel, Birkenhead, Pitt, Chilko, and Late Stuart). Pronounced curvature for these CUs (Fig. 9) supported
the conclusion that an eﬀect from capacity had been reliably
determined for these CUs, despite imprecise estimates of
that capacity. The Scotch CU has little evidence of density
dependence in our dataset, and consequently an unrealistic
estimate of capacity (the upper 95% range for HMC samples of the estimate was > 101 million, Table 8). Scotch
may eventually be limited by the area of suitable spawning
in Scotch Creek rather than by the pre-smolt capacity of
Shuswap Lake (Grant et al. 2011). Further work—with updated information, more covariates, more variance factors,
and better models—is clearly required.
To address the productivity and capacity of a sequence
of habitats encountered by sockeye salmon will require, as a
minimum, estimates of smolt abundance by CU to separate
freshwater from marine eﬀects (as available for Chilko sockeye), and would beneﬁt from estimates of marine abundance
to separate the eﬀects of coastal habitats from the eﬀects of
high-seas ocean climate and inter-species competition. Indices of high-seas biomass of salmon are promising correlates
for sockeye survival based on smolt survival and high-seas
salmon abundance (Irvine and Akenhead 2013; Irvine and

CONCLUSIONS
Shared survival (PC-1) accounted for nearly half of the
variance in log(R/E) among CUs. A trend or shift to low survival starting at about 1990 accounted for about half of the
shared survival. Most of the short-term variability in shared
survival was due to six “low survival events” that involved
seven years in the period 1950–2006.
Based on log-log regressions of adult returns (R) versus
eﬀective female spawners (E), there is little evidence of habitat capacity limitation (i.e., density-dependent survival) for
most CUs of Fraser sockeye. For CUs where capacity might
be limiting, capacity estimates are poorly determined.
Ricker models generally provided poor ﬁts for Fraser sockeye (r2 values were low) indicating that attempts to
manage and/or assess Fraser sockeye using Ricker curves
ﬁtted to individual CUs will, in general, face low explana386
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tory power. The results were worse than a simple mean in
two of the 17 CUs and accounted for more than 50% of the
variance in R for only three CUs. The Ricker model was
“substantially better” than a straight line through the origin
(no eﬀect of density on survival) for only four CUs and a
parabola that goes through the origin was as good as, and
frequently better than, the Ricker model.
Many estimates of returns are from years when the return was a small proportion of a run and therefore likely to
be an imprecise estimate, suggesting a low signal-to-noise
ratio for some small stocks that are typically a small proportion of a run.
• Until the residuals from observation variance and environmental eﬀects are greatly reduced, estimates of capacity (density-dependent survival) will be imprecise, with
ramiﬁcations for stock status assessment and ﬁsheries
management. We were able to demonstrate that reducing residuals is possible by (a) developing multi-level
models to take advantage of similar productivity across
CUs; (b) extracting an annual “virtual habitat factor” that
changed productivity by years (this was similar to shared
survival); and (c) applying a variance factor, based on
proportion of spawners for each CU in a run of co-migrating CUs, to down-weight imprecise observations (at
the cost of accepting fewer eﬀective cases). It should be
possible to link changes in capacity to changes in productivity so that capacity also varies by years.
• In a suite of progressively more complicated B&H
models, improvements in ﬁt (σ, NLL) came with deterioration of accuracy of ﬁt (lppd) and predictive accuracy
(WAIC), resulting in the simplest model having the best
predictive accuracy (Table 6). This simple model did
not include a capacity eﬀect and all CUs had the same
productivity (median = 6.5 R/E, 95% range 5.9–7.2).
More complicated models indicated higher productivity (Model 4, Table 8: mean among CUs = 8.3 R/E,
SD among CUs = 1.6; Model 6A, Table 9: Pmax/BH =
15.7/1.43 = 11 R/E).
• Headway on clarifying the sources of productivity
changes and improving the precision of habitat capacity
estimates will require mobilizing biological knowledge
about each CU (e.g., precision of observations) and assembling multi-stage survival data with accompanying
freshwater and marine habitat indicators (e.g., area and
quality of spawning grounds and nursery lakes, biomass
of potential competitors in marine habitats).
• Researchers analyzing stock recruitment data for these
as well as other populations and species are strongly encouraged to pay attention to factors aﬀecting the various
data in their models, i.e., examine associated metadata.

sored by the Paciﬁc Salmon Commission (PSC) and Fisheries and Oceans Canada (DFO). Supplementary funding
came from a Canadian Space Agency Project overseen
by Dr. Charles Hannah (DFO). We thank Dr. Catherine
Michielsens (PSC) and Jeremy Hume (retired, DFO) for insightful discussions about our research, and Dr. Athena Ogden for assistance with manuscript preparation. Dr. David
Welch (Kintama Research) provided the idea of simulating
log(returns) at observed log(EFS) which led to our test for
spurious Ricker ﬁts. The paper was improved from insightful comments by Dr. Carrie Holt (DFO) and Dr. Sarah Miller
(ADF&G) and NPAFC Bulletin editors. We recognize our
debt to the many ﬁsheries biologists and technicians who
spent decades collecting these data.
REFERENCES
Adkison, M.D., R.M. Peterman, M.F. Lapointe, D.M. Gillis, and J. Korman. 1996. Alternative models of climatic eﬀects on sockeye salmon, Oncorhynchus nerka, productivity in Bristol Bay, Alaska, and the Fraser
River, British Columbia. Fish. Oceanogr. 5: 137–152.
doi:10.1111/j.1365-2419.1996.tb00113.x.
Akenhead, S.A., J.R. Irvine, K.D. Hyatt, S.C. Johnson,
S.C.H. Grant, and C.G.J. Michielsens. 2016. Habitat
manipulations confound the interpretation of sockeye
salmon recruitment patterns at Chilko Lake, British Columbia. N. Pac. Anadr. Fish Comm. Bull. 6: 391–414.
doi:10.23849/npafcb6/391.414.
Beamish, R.J., J.T. Schnute, A.J. Cass, C.M. Neville, and
R.M. Sweeting. 2004. Assessing the relationship
among stock, recruitment, and regimes for pink and
sockeye salmon from the Fraser River, British Columbia, Canada. Trans. Am. Fish. Soc. 133: 1396–1412.
Beamish, R.J., R. Sweeting, and C.M. Neville. 2013. Late
ocean entry timing provides resilience to populations of
Chinook and sockeye salmon in the Fraser River. N.
Pac. Anadr. Fish Comm. Tech. Rep. 9: 38–44. (Available at www.npafc.org).
Beverton, R.H., and S.J. Holt. 1957. On the dynamics of
exploited ﬁsh populations. Chapman and Hall, New
York. 533 pp.
Bigler, B.S., D.W. Welch, and J.H. Helle. 1996. A review
of size trends among North Paciﬁc salmon (Oncorhynchus spp.). Can. J. Fish. Aquat. Sci. 53: 455–465.
doi:10.1139/cjfas-53-2-455.
Bodtker, K.M., R.M. Peterman, and M.J. Bradford. 2007.
Accounting for uncertainty in estimates of escapement
goals for Fraser River sockeye salmon based on productivity of nursery lakes in British Columbia, Canada. N.
Am. J. Fish. Manage. 27: 286–302.
Brodsiak, J., B. Bentley, D. Martley, G.A. Gall, R. Gomulkiewicz, and M. Mangel. 1992. Tests of genetic stock
identiﬁcation using coded wire tagged ﬁsh. Can. J.
Fish. Aquat. Sci. 50: 251–257.

ACKNOWLEDGMENTS
This publication is primarily a product of the “MultiStage Stock-Recruit Analysis” project (2014–2015) spon387

NPAFC Bulletin No. 6

Akenhead et al.

Burnham, K.P., and D.R. Anderson. 2004. Multimodel inference: Understanding AIC and BIC in model selection. Sociol. Methods and Res. 33(2): 261–304.
Chen, D.G., and J.R. Irvine. 2001. A semiparametric model
to examine stock–recruitment relationships incorporating environmental data. Can. J. Fish. Aquat. Sci. 58:
1178–1186. doi:10.1139/cjfas-58-6-1178.
DFO (Fisheries and Oceans Canada). 2005. Canada’s policy for conservation of wild Paciﬁc salmon. (Available at
www.pac.dfo-mpo.gc.ca/publications/pdfs/wsp-eng.pdf).
DFO (Fisheries and Oceans Canada). 2014. Supplement to
the pre-season return forecasts for Fraser River sockeye
salmon in 2014. DFO Can. Sci. Advis. Sec. Sci. Rep.
2014/041. (Available at www.dfo-mpo.gc.ca/csas-sccs/
publications/scr-rs/2014/2014_041-eng.pdf).
Fabrizio, M.C. 2005. Experimental design and sampling
strategies for mixed-stock analysis. In Stock identiﬁcation methods: Applications in ﬁshery science. Edited
by L.A. Kerr, S.X. Cadrin, D.D. Friesland, S. Mariani,
and J.R. Waldman. Elsevier, Amsterdam. pp. 467–498.
Friedland, K.D. 1998. Ocean climate inﬂuences on critical Atlantic salmon (Salmo salar) life history events.
Can. J. Fish. Aquat. Sci. 55: 119–130. doi:10.1139/cjfas-55-S1-119.
Gable, J., and S. Cox-Rogers. 1993. Stock identiﬁcation of Fraser River sockeye salmon: methodology and management
application. Pac. Salmon Comm. Tech. Rep. 5. 36 pp.
Gelman, A., and J. Hill. 2007. Data analysis using regression and multilevel/hierarchical models. Cambridge
University Press, New York. 625 pp.
Gelman, A., and D.B. Rubin. 1992. Inference from iterative simulation using multiple sequences. Statist. Sci.
7: 457–472.
Gelman, A., J. Hwang, and A. Vehtari. 2013. Understanding predictive information criteria for Bayesian models.
Statistics and Computing. (Available at www.stat.columbia.edu/~gelman/research/unpublished/waic_understand_ﬁnal.pdf).
Gelman, A., J.B. Carlin, H.S. Stern, D.B. Dunson, A. Vehtari, and D.B. Rubin. 2014. Bayesian data analysis.
Third edition. Chapman and Hall, New York. 661 pp.
Grant, S.C.H., B.L. MacDonald, T.E. Cone, C.A. Holt, A.
Cass, E.J. Porszt, J.M.B. Hume, and L.B. Pon. 2011.
Evaluation of uncertainty in Fraser sockeye (Oncorhynchus nerka) wild salmon policy status using abundance
and trends in abundance metrics. DFO. Can. Sci. Advis.
Sec. Res. Doc. 2011/087. 183 pp.
Holt, C.A. and R.M. Peterman. 2004. Long-term trends in
age-speciﬁc recruitment of sockeye salmon (Oncorhynchus nerka) in a changing environment. Can. J. Fish.
Aquat. Sci. 61: 2455–2470. doi:10.1139/f04-193.
Holtby, L.B., and K.A. Ciruna. 2007. Conservation units
for Paciﬁc salmon under the wild salmon policy. DFO.
Can. Sci. Advis. Sec. Res. Doc. 2007/070. 350 pp.
(Available at www.dfo-mpo.gc.ca/CSAS/Csas/DocREC/2007/RES2007_070_e.pdf).

Hume, J.M.B, K.S. Shortreed, and K.F. Morton. 1996. Juvenile sockeye rearing capacity of three lakes in the Fraser River system. Can. J. Fish. Aquat. Sci. 53: 719–733.
Irvine, J.R., and S.A. Akenhead. 2013. Understanding
smolt survival trends in sockeye salmon. Mar. Coast.
Fish. 5: 303–328. doi:10.1080/19425120.2013.831002.
Irvine, J.R., and G.T. Ruggerone. 2016. Provisional estimates of numbers and biomass for natural-origin and
hatchery-origin pink, chum, and sockeye salmon in the
North Paciﬁc, 1952–2015. N. Pac. Anadr. Fish Comm.
Doc. 1660. 45 pp. (Available at www.npafc.org).
Jeﬀrey, K.M, I.M. Côté, J.R. Irvine, and J.D. Reynolds. 2016.
Changes in body size of Canadian Paciﬁc salmon over six decades. Can. J. Fish. Aquat. Sci. doi:10.1139/cjfas-2015-0600.
Kaeriyama, M., H. Seo, and H. Kudo. 2009. Trends in
run size and carrying capacity of Paciﬁc salmon in the
North Paciﬁc Ocean. N. Pac. Anadr. Fish Comm. Bull.
5: 293–302. (Available at www.npafc.org).
Lotka, A. J. 1925. Elements of physical biology. Williams
and Wilkins, Baltimore. 460 pp.
MacDonald, B.L., and S.C.H. Grant. 2012. Pre-season run size
forecasts for Fraser River sockeye salmon (Oncorhynchus
nerka) in 2012. DFO. Can. Sci. Advis. Sec. Res. Doc.
2012/011. (Available at www.dfo-mpo.gc.ca/csas-sccs).
Mantua, N.J., S.R. Hare, Y. Zhang, J.M. Wallace, and
R.C. Francis. 1997. A Paciﬁc interdecadal climate
oscillation with impacts on salmon production.
Bull. Am. Meteorol. Soc. 78: 1069–1079.
doi:10.1175/1520-0477(1997)078<1069:APICOW>2.0
.CO;2.
Mantua, N.J., N.G. Taylor, G.T. Ruggerone, K.W. Myers,
D.B. Preikshot, X. Augerot, N.D. Davis, B. Dorner, R.
Hilborn, R.M. Peterman, P. Rand, D. Schindler, J. Stanford, R.V. Walker, and C.J. Walters. 2009. The salmon
MALBEC Project: A North Paciﬁc-scale study to support salmon conservation planning. N. Pac. Anadr. Fish
Comm. Bull. 5: 333–354. (Available at www.npafc.org).
McElreath, R. 2016. Statistical rethinking: A Bayesian
course with examples in R and Stan. CRC Press, Taylor
& Francis, Boca Raton. 469 pp.
McKinnell, S.M. 2008. Fraser River Sockeye salmon productivity and climate: A re-analysis that avoids an undesirable property of Ricker’s curve. Prog. Oceanogr. 77:
146–154. doi: 10.1016/j.pocean.2008.03.014.
McKinnell, S.M., E. Churchitser, K. Groot, M. Kaeriyama,
and M. Trudel. 2014. Oceanic and atmospheric extremes motivate a new hypothesis for variable marine
survival of Fraser River sockeye salmon. Fish. Oceanogr. 23: 322–341. doi:10.1111/fog.12063.
Methot, R.D., and I.G. Taylor. 2011. Adjusting for bias due
to variability of estimated recruitments in ﬁshery assessment models. Can. J. Fish. Aquat. Sci. 68: 1744–1760.
doi:10.1139/F2011-092.
Millar, R.B. 1987. Maximum likelihood estimation of
mixed stock ﬁshery composition estimation. Can. J.
Fish. Aquat. Sci. 44: 583–590.
388

Stock-recruit analyses of Fraser River sockeye

NPAFC Bulletin No. 6

Miller, K.M., M. Trudel, D.A. Patterson, A. Schulze, K. Kaukinen, S. Li, N. Ginther, T. Ming, and A. Tabata. 2013.
Are smolts healthier in years of good ocean productivity?
N. Pac. Anadr. Fish Comm. Tech. Rep. 9: 165–168.
Mulligan, T.J., S. McKinnell, and C.C. Wood. 1988. Uncertainty in stock composition estimates of oceanic steelhead
trout using electrophoretic characteristics: comments on
a recent study. Can. J. Fish. Aquat. Sci. 45: 432–442.
Myers, R.A., and N.J. Barrowman. 1995. Time series bias in
the estimation of density-dependent mortality in stock-recruitment models. Can. J. Fish. Aquat. Sci. 52: 223–232.
Ogden, A.D., J.R. Irvine, K.K. English, S. Grant, K.D. Hyatt, L. Godbout, and C.A. Holt. 2015. Productivity (recruits-per-spawner) data for sockeye, pink, and chum
salmon from British Columbia. Can. Tech. Rep. Fish.
Aquat. Sci. 3130: 57 pp. (Available at http://open.
canada.ca/data/en/dataset/3d659575-4125-44b4-8d8fc050d6624758).
Peterman, R.M. 1978. Testing for density-dependent marine survival in Paciﬁc salmonids. J. Fish. Res. Board
Can. 35: 1434–1450. doi:10.1139/f78-226.
Peterman, R.M., and B. Dorner. 2012. A widespread decrease
in productivity of sockeye salmon (Oncorhynchus nerka) populations in western North America. Can. J. Fish.
Aquat. Sci. 69: 1255–1260. doi:10.1139/F2012-063.
Peterman, R. M., B.J. Pyper, and B.W. MacGregor. 2003.
Use of the Kalman ﬁlter to reconstruct historical trends
in productivity of Bristol Bay sockeye salmon (Oncorhynchus nerka). Fisheries 824: 809–824. doi:10.1139/
f03-069.
Peterman, R.M., D. Marmorek, B.R. Beckman, M.J. Bradford, N.J. Mantua, B. Riddell, M.D. Scheuerell, M.
Staley, K. Wieckowski, J.R. Winton, and C.C. Wood.
2010. Synthesis of evidence from a workshop on the
decline of Fraser River sockeye June 15–17, 2010. A
report to the Paciﬁc Salmon Commission, Vancouver.
123 pp. + appendices.
Pyper, B.J., and R.M. Peterman. 1999. Relationship among
adult body length, abundance, and ocean temperature
for British Columbia and Alaska sockeye salmon (Oncorhynchus nerka), 1967–1997. Can. J. Fish. Aquat.
Sci. 56: 1716–1720. doi:10.1139/cjfas-56-10-1716.
R Core Team. 2016. R: A language and environment for statistical computing. R Foundation for Statistical Computing, Vienna, Austria. (Available at www.R-project.org).
Ricker, W.E. 1997. Cycles of abundance among Fraser River sockeye salmon (Oncorhynchus nerka). Can. J. Fish.
Aquat. Sci. 54: 950–968. doi:10.1139/cjfas-54-4-950.
Ruggerone, G.T. and B.M. Connors. 2015. Productivity
and life history of sockeye salmon in relation to competition with pink and sockeye salmon abundance in the
North Paciﬁc Ocean. Can. J. Fish. Aquat. Sci. 72: 1–16.
doi:10.1139/cjfas-2014-0134.
Scheuerell, M.D., R. Hilborn, M.H. Ruckelshaus, K.K. Bartz,
K.M. Lagueux, A.D. Haas, and K. Rawson. 2006. The
shiraz model: a tool for incorporating anthropogenic ef-

fects and ﬁsh-habitat relationships in conservation planning. Can. J. Fish. Aquat. Sci. 63: 1596–1607.
Schubert, N.D, and B.P. Fanos. 1997. Estimation of the
1994 Chilko River and Chilko Lake sockeye salmon
(Oncorhynchus nerka) escapement. Can. Man. Rep.
Fish. Aquat. Sci. No. 2428. 54 pp.
Shortreed, K.S., K.F. Morton, K. Malange, and J.M.B.
Hume. 2001. Factors limiting juvenile sockeye production and enhancement potential for selected BC nursery
lakes. DFO. Can. Sci. Advis. Sec. Res. Doc. 2001/98.
96 pp. (Available at www.dfo-mpo.gc.ca/csas).
Stan Development Team. 2015. Stan modeling language:
User’s guide and reference manual. Version 2.12.0.
(Available at http://mc-stan.org).
Thomson, R.E., R.J. Beamish, T.D. Beacham, M. Trudel,
P.H. Whitﬁeld, and R.A.S. Hourston. 2012. Anomalous ocean conditions may explain the recent extreme
variability in Fraser River sockeye salmon production.
Mar. Coast. Fish. 4: 415–437. doi:10.1080/19425120.
2012.675985.
Tucker, S., M. Trudel, D.W. Welch, J.R. Candy, J.F.T. Morrison, M.E. Thiess, C.G. Wallace, D.J. Teel, W.R. Crawford, E.V. Farley Jr., and T.D. Beacham. 2009. Seasonal stock-speciﬁc migrations of juvenile sockeye salmon
along the West Coast of North America: implications
for growth. Trans. Am. Fish. Soc. 138: 1458–1480.
doi:10.1577/T08-211.1.
Vehtari, A., and A. Gelman. 2014. WAIC and cross-validation in Stan. (Available at www.stat.columbia.edu/~gelman/research/unpublished/waic_stan.pdf).
Verhulst, P.-F. 1838. Notice sur la loi que la population
suit dans son accroissement. Correspondance mathématique et physique 10: 113–121. (Available at https://
books.google.ca/books?id=8GsEAAAAYAAJ).
Volterra, V. 1926. Variations and ﬂuctuations of the number
of individuals in animal species living together. ICES J.
Mar. Sci. (1928) 3: 3–51. (Reprint and translation into
English). doi:10.1093/icesjms/3.1.3.
Waldman, J.R., and M.C. Fabrizio. 1994. Problems of stock
deﬁnition in estimating relative contributions of Atlantic striped bass to the coastal ﬁshery. Trans. Am. Fish.
Soc. 123: 766–778
Walters, C.J. 1985. Bias in the estimation of functional relationships from time series data. Can. J. Fish. Aquat.
Sci. 42: 147–149. doi:10.1139/f85–018.
Walters, C.J., and J. Korman. 1999. Revisiting the Beverton-Holt recruitment model from a life history and multispecies perspective. Rev. Fish Biol. Fish. 9: 187–202.
Walters, C.J., and D. Ludwig. 1981. Eﬀects of measurement errors on the assessment of stock-recruitment
relationships. Can. J. Fish. Aquat. Sci. 38: 704–710.
doi:10.1139/f81-093.
Watanabe, S. 2010. Asymptotic equivalence of Bayes cross
validation and widely applicable information criterion
in singular learning theory. J. Machine Learning Res.
11: 3571–3594.
389

NPAFC Bulletin No. 6

Akenhead et al.

Wood, C.C, S. McKinnell, T.J. Mulligan, and D.A. Fournier.
1987. Stock identiﬁcation with the maximum-likelihood
mixture model: sensitivity analysis and application to
complex problems. Can. J. Fish. Aquat. Sci. 44: 86–881.
Ye, H., R.J. Beamish, S.M. Glaser, S.C.H. Grant, C. Hsieh,
L.J. Richards, J.T. Schnute, and G. Sugihara. 2015.
Equation-free mechanistic ecosystem forecasting us-

ing empirical dynamic modeling. Proc. Natl. Acad.
Sci. 112: 1569–1576. doi:10.1073/pnas.1417063112.
Zar, J.H. 1999. Biostatistical analysis. Fourth edition.
Prentice Hall, New Jersey. 663 pp. plus appendices.
Zuur, A.F., E.N. Ieno, N.J. Walker, A.A Saveliev, and G.M.
Smith. 2009. Mixed eﬀect models and extensions in
ecology. R. Springer, New York. 574 pp.

Appendix 1. Stan code for model 6A. An example of ﬁtted parameters are in Table 9 and Fig. 9.
data {
int N;
# years
int J;
# CUs
matrix [N,J] E;
# EFS
matrix [N,J] R;
# returns
matrix [N,J] W;
# precision factor
}
parameters {
real <lower=0.0>
P_max;
# productivity, best year, over CUs
vector<lower=0.0,upper=1.0>[N]
H;
# virtual habitat by year
real <lower=1.0>
beta_H;
# shape of freq. distr. shape for H_t
real <lower=0.0,upper=1.0>
gamma_H;
# controls eﬀect of H_t on C_j
vector<lower=0.0>[J]
Cap;
# capacity by CU
real <lower=0.0>
gamma_W;
# controls eﬀect of W on sigma
real <lower=0.0>
sigma;
# SD of lognormal residuals
}
transformed parameters {
matrix [N,J] R_hat;
# logged predicted returns
for(j in 1:J){ for(n in 1:N){
R_hat[n,j] <- log(E[n,j]/(1.0/(P_max*H[n])+E[n,j]/(Cap[j]*(1.-gamma_H)+Cap[j]*H[n]*gamma_H)));
}}
}
model {
# priors
Cap
~ cauchy(0,3);
# allows small capacities
P_max
~ normal(14,3);
# from experience but wide SD
beta_H ~ uniform(1,3);
# anticipate mode about 0.8 so beta_h about 1.25
gamma_H ~ beta(.5,.5);
# higher at zero and one than between.
gamma_W ~ normal(0,1);
# expect << 1
sigma
~ gamma(2,1);
# lognormal std.dev., about 1.0
# among groups model
H ~ beta(2,beta_H);
# habitat eﬀect by year. mode at 1/beta_H
# residuals model and accumulate log likelihood
for(j in 1:J){ for(n in 1:N){
R[n,j] ~ lognormal(R_hat[n,j],sigma*pow(W[n,j],-gamma_W));
}}
}
generated quantities {
vector[N*J] log_lik;
# log pointwise probability: lppd and WAIC.
for(j in 1:J){ for(n in 1:N){
# for every data point in every MC sample.
log_lik[N*(j-1)+n] <- lognormal_log(R[n,j],R_hat[n,j],sigma*pow(W[n,j],-gamma_W));
}}
}
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